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ABSTRACT. Let F be a field, E a subfield of F, and U a finite dimensional vector
space over E. Denote by UF the F-space U ®g F obtained from U ‘by extending the
scalars’, and regard U a subset of UF (via the embedding u — u» ® 1). Then each
E-basis of U is an F-basis of UF.

PROBLEM. If {z;,...,zm} is any F-basis of UF, must U have an E-basis
{v1,...,vm} such that, for every subset I of {1,...,m},

{zilieT}ud{v;|j ¢TI}

is also an F-basis of UF ? )

A positive answer would enable one to strengthen the conclusion and simplify the
proof of a theorem in a forthcoming paper, ‘Tensor factorizations of group algebras and
modules’, by Jon F. Carlson and the speaker.
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A projective geometry problem

related to tensor factorizations of group algebras

L. G. KovAics

Let F be a field, E a subfield of F, and U a finite dimensional vector space
over E. Denote by UF the F-space U @ F obtained from U by ‘extending the
scalars’, and regard U a subset of Uf (via the embedding u — u®1). Then each
E-basis of U is an F-basis of UF.

PROBLEM. If {z,,...,z,} is any F-basis of U¥, must U have an E-basis
{vy,...,v,} such that, for every subset I of {1,...,n},

(1) {ziliel}U{v;|j¢I} "~

is also an F-basis of U ?

A positive answer would enable one to strengthen the conclusion and simplify
the proof of a theorem in a forthcoming paper [1] by Jon F. Carlson and the
author.

*

1. Why is this a projective geometry problem? Because it is insensitive to
(basis) vectors being replaced by (nonzero) scalar multiples.

2. Haven’t we seen this before? Isn’t there a theorem that guarantees a pos-
itive answer? Yes, we have all seen something like it before. It is known as the
Exchange Theorem: it asserts that if {z,,...,z,} and {vy,...,v,} are two bases
of one vector space, then it is possible to re-number one of the bases so that each
{z;}U{v; | #1} is also a basis. The symmetry of the hypothesis dictates that
the re-numbering can also be done so that each {z; | i # j } U {v;} is a basis.

However, as the example below will show, it is not always possible to find one re-
numbering which will achieve both conclusions. The first conclusion corresponds
to (1) being a basis whenever I is a singleton, and the second asserts the same
for the I whose complements are singletons: if these two cases cannot be handled
simultaneously, what hope is there for dealing with all I at once? Of course, in
our Problem the second (ordered) basis can be chosen much more freely, not just
by re-ordering some given basis, and the hope must lie in that extra freedom.

3. EXAMPLE. Instead of bases, consider direct decompositions with summands
of dimension 1. Such decompositions of 3-space correspond to nondegenerate
triangles in the projective plane. Let ABC be such a triangle, and let P be a
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point which is not on any of the lines AB, AC, BC. Choose @ as the intersection
of AP and BC; note that Q # P, and that A lies on PQ. Similarly, let R be
the intersection of PB and AC; note that R # P, and that B lies on PR.
The triangle PQR is nondegenerate, else the lines PQ and PR would coincide
with each other and therefore also with AB, but P was chosen so that it does
not lie on AB. We need to investigate the possibility of a bijection between the
vertex sets of ABC and PQR such that swapping matched vertices keeps the
triangles nondegenerate. Since QBC and PQA are degenerate, A cannot be so
swapped with Q or with R. Similarly, PBR and ARC being degenerate shows
that B cannot be so swapped with @ or R. The conclusion is that there can be
no bijection of the desired kind, for it would have to match both A and B to P.

4. Our Problem becomes much easier if instead of direct decompositions with
many summands (each of dimension 1) we consider direct decompositions with
just two summands (of arbitrary dimension). For that case, a positive answer can

easily be had.

LEMMA 2.3(b) of [1]. F U¥ = X @Y, then U has a direct decomposition
U=VoW suchthat U =X oW =V aVY.

We reproduce the short and elementary proof in full. It is based on the follow-
ing. ‘

LEMMA 2.3(2) of [1). If R and S are F-subspaces in U¥ with dim R = dim S,
then there is an E-subspace T in U such that TY is a common complement to
R and S in UF.

Proof. (a) Consider U an E-subspace in UF. If the common codimension of
R and S in UF is 0, then T = 0 will do. This provides the initial step for a
proof by induction on that common codimension. For the inductive step, suppose
the common codimension is positive. Then the intersections RN U and SNU
are proper subspaces in U, and no vector space can be the set-union of just two
proper subspaces. Thus there is an element, u say, which is in U but neither in
R nor in S. The inductive hypothesis applies with Fu @ R and Fu @ S in place
of R and S, and so there is a subspace, T, say, in U such that T(],F is a common
complement to Fu @ R and Fu @ S. It is easy to see that T = Eu & T,, will do.

(b) Apply (a) twice. First, with R =S =Y. The T so obtained will be our
V. Second, with R = VF and S = X, and the T now obtained will serve as
w. O

5. Where can one see pairs of bases with the strong exchange property asked
for in our Problem? Let p be a prime and G a finite direct product of several
cyclic groups of equal, p-power, order. If two bases of G are congruent modulo
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the Frattini subgroup ®(G) of G, then as bases of G they clearly have this strong
exchange property. (There can be no hesitation about the choice of the bijection
between the two bases.) Of course these bases are not vector space bases until
we pass to the quotient G/®(G), and then they are no longer different, so this is
cheating. No, not cheating, just heuristic.

6. Let p and G be as above, write F, for the field of p elements, and F,G
for the group algebra of G over F,. If this algebra is written as a tensor product
of subalgebras,

(2) F,G = Qi 4s
then there is a corresponding direct decomposition
(3)  (radF,G)/(radF,G)* = @, (rad 4; + (rad F,G)?) /(rad F, G)"

It is easy to see that if another tensor factorization of the algebra gives rise to
the same direct decomposition of (rad F,G)/(rad ]FPG)2 , then the two tensor fac-
torizations have the strong exchange property. (Once more, the choice of the
bijection is not an issue.)

Some tensor factorizations of ]FPG come from direct decompositions of G. In
[1] we were considering just how close the connection must be between arbitrary
tensor factorizations (2) of the group algebra and tensor factorizations that come
from direct decompositions of the group. There is a natural isomorphism between
(radF,G)/(rad ]}3'1,,G)2 and G/®(G), and the direct decomposition of G/®(G) ob-
tained from (3) along that lifts (usually in several ways) to a direct decomposition
of G itself. Let .

(4) G =TI G
be any one of these direct decompositions of G. Then

(5) F,G=Q®~,F,G

i=1"p-1

is also a tensor factorization of F,G, and because (2) and (5) correspond to the
same direct decomposition (3) they have the strong exchange property:

(6) F,G= (®icr 4i) ® (®j¢1 F,G;)  whenever I C {1,...,m}.

Of course one may well feel that the strong exchange property is a relatively weak
consequence of the fact that (2) and (5) correspond to the same (3), but it is a
consequence that is easier to ‘carry forward’.



4 L. G. Kovacs

7. A graded version of this argument ensures that the same conclusion can be
reached without assuming that G is a direct sum of pairwise isomorphic cyclic
subgroups.

THEOREM. If G is any finite abelian p-group, then to each tensor factorization
(2) of the group algebra F,G there is a direct decomposition (4) of G such that
(6) is true.

8. In many considerations which involve elements of algebraic geometry, infi-
nite fields take precedence over finite fields. For this reason, in [1] we did not even
pause to state this Theorem but hastened to try to carry it forward through an
‘extension of scalars’. Using (a graded version of) the lemma reproduced above,
we succeeded with the case of two-factor decompositions, but not with the gen-
eral, many-factor case: the Problem under discussion stood in our way. For the
many-factor case we had to be content with the following result.

THEOREM 2.2 of [1]. Let F a field of characteristic p, and G a finite abelian
p-group. To each tensor factorization FG = Q- , A; of FG, there is a direct
decomposition G = [[=, G; such that A; = FG; and

FG=4,8 (®,.FG;) for i=1,..,m.

Of course even this amounts to a very strong conection between arbitrary tensor
factorizations of FG and tensor factorizations that come from direct decomposi-
tions of G; in particular, it implies that each of the former can be had by ‘shifting’
one of the latter by an algebra automorphism of FG (use the automorphism ob-
tained by combining the isomorphisms FG; — A4;).

9. Appendix. We conclude by setting out formally how a positive answer
to the Problem could be used for proving the Theorem above for arbitrary F (of
characteristic p) in place of F,. In doing so we use the notation of [1], so this
Appendix is intended to be read only in conjunction with that paper.

To minimize inessential formal complications, let us keep to elementary abelian

G, with F,G = @~ 4; and U = G, a: U — 1adFG. Choose by,...,b,

in the set-union of the A; so that z,a = b; defines an F-basis {z,,...,z,}
for UY, and write the elements of a matching F,-basis {v,...,v,} of G as
v; = h;, with suitable elements h; of G. Write B; and H; for the subalgebra

generated by b; and the subgroup generated by h;, respectively, noting that none
of the B; and FH; can have dimension greater than p. Given any subset I of
{1,...,n}, we know that {; |1 € T} U {h_J | 7 ¢ I} spans radFG and so
{b;1i€I}YU{h;|j &I} generates FG. It follows that FG is a homomorphic

image of the external tensor product

(®ic1 Bi) ® (Qj¢r FH;),
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and dimension comparison shows that FG must therefore be the internal ten-
sor product of these subalgebras. In particular, with I = @ this gives that
FG = @FH,, and so G is the direct product of the H;. Similarly, with
I ={1,...,n} we get that FG = ®-; A, = ®)_, B;. Since each B; is a
subalgebra of some A;, it follows that each A; is the tensor product of the B;
that it contains. Define G, as the product of the H; which are such that B; C 4;;
then G is the direct product of the G;, and (6) holds. (Yes, in (6) I do mean for
every subset I of {1,...,m}, even if earlier in this paragraph I ranged through

the set of subsets of {1,...,n}.)
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