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ABSTRACT

A formula is given fo r the orders o f  the finite rank free groups o f  the
variety generated by an arb itrary finite dihedral group.

L F i n e  in  [ 2 ]  and Hurley in  his review of [2 ]  (see Mathematical Reviews
87j:20049) expressed interest in  the precise orders o f  the finite ra n k free
groups o f  the variety generated by a finite dihedral group. The a im o f  this
note is  t o  derive th is in formation f ro m results o n  the  classification o f
varieties o f  metabelian groups.

Theorem. T h e  free group F,.(varD) o f  rank r in the variety generated by the
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The relevant conventions are that s = O when d  < 2 and the binomial
coefficient vanishes when t  >  r  +  I .  Wh ile  s is a  polynomial function o f
degree d  in  r  fo r r  d  2 ,  fo r 2  r  d  it  is exponential: i t  is easy t o
deduce f r o m  t h e  f o r m u l a  a b o v e  t h a t  i n  t h i s  r a n g e
s = [r(2d + I  -  r )  -  2(d + 1)12' - 1 +  d  + 1. The proof of the theorem will
include showing that, in  the notation o f Neumann [4 ] ,
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order 2 '  and a  group o f  order e. Accordingly, D  is a  subdirect product o f
two dihedral groups: one o f  order 2e, the o ther o f  2 . (
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variety generated by the first subdirect factor, and 0  that generated by the
other: then varD =  U v  0  and 11 A 93 =  91
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product o f  F,.(111) and F,.(0) amalgamating precisely F
1
( 9 1
2
) .  C o n s e q u e n t l y ,  
i t

suffices to  prove the theorem under the additional hypothesis that either
d 0  o r e =  I .

3. T a k e  fi r s t  t h e  c a s e  d  0 ,  e  >  1. I n  t h i s  c a s e  o b v io u s ly
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with f  a proper divisor o f  e. The substitution x  F-3- ab, y  b ,  shows that D
satisfies no such law. Thus varD 9 . 0 1
2
,  a n d  1 F , . ( v a r D ) 1  
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[4]. (Alternatively, one might view va rD =  91,91, as a  special case o f  the
results in [1, chapter 4 ] . )

4. T a k e  next the case e =  I .  I f  ci 1  then va rD 9 1 2  and the cla im is
obvious: so in  the sequel it  will also be assumed that d  2 .

The results needed here a ll come f rom [ 3 ] ,  wh ich is to  be read with
p -  2 and a  =  d  -  1. The notation o f that paper will be used here without
explanation. Since the exponent of D is 2
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so the second term is redundant in  the normal fo rm o f  varD given in  [3,
2.1]. To find the invariant v ( r ,  varD), note that among the abelian normal
subgroups o f exponent dividing 2
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the quotient modulo that is a dihedral group o f  nilpotency class precisely
d -  r .  When d  -  r  is even and d  -  r  4 ,  we need to  see whether that
quotient satisfies the law
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is negative. Thus v ( r ,  va rD) =  d  -  r  fo r a ll relevant r .  1:y [3, 4.03], the
terms corresponding to  r  =  1, ,  a  -  I  a re  therefore redundant in  the
normal form o f  varD given by 2.1, so that the normal form is simply

Next we must count, for t  3 ,  the number of those elements of weight
t in  the set -W which lie in the subgroup of H generated by a ,, ,  a,, that is,
which have weight O in  each a, with i  > r. (The definition o f  „qr comes just
before 4.05 in  [ 3 ] ,  the definition o f  weight and o f  weight in  an  a
i  j u s tbefore 4.06.) Such an element must have positive weight in either t or i  -  1
of the generators; the relevant subset o f  t a
l
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I r  \
chosen in  (  o r  1 /  different ways. Having chosen a t-element subset,

 one must put its first element as second commutator entry, can choose any
of its remaining t  -  1 elements as first  commutator entry, and then the
other elements must be used as commutator entries in  their natural order:
so one obtains precisely t  -  1 elements o f  _W. When  a  ( t  -  1)-element
subset is chosen, one can still choose which o f  the t  -  1 to  use twice, but
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there is  n o  freedom beyond that: so  again one obtains precisely t  -  1
Ir\ I \  \r r  +  1elements o f  3 .  As + t h e  conclusion o f  the count is
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. Obviously, it  has 2  such elements o f  weight 2.

That subgroup of H is o f  course a rank r  free group of 91,912, so F,.(varD)
is just the quotient o f  that modulo the relevant te rm o f  its lower central
series: that is, modulo its intersection with  N(0 , d ).  The count performed
above enables one to use [3, 4.06] for calculating the order o f the quotient
modulo that intersection, with  the conclusion that

s =  a r  + a

This completes the proof of the theorem.
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E ( a  +  2 t ) ( t  — 1) (+  I .  +  1)
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\21  =  3 t
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