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On the J o r d a n
- H e l d e r  
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m

L. G. Kovacs and M. F. Newman

A long t ime ago,  stimulated by  a  paper o f  D.  W.  Barnes :  " O n

complemented chief  factors of  finite soluble groups" B u l l .  Austral. Math.

Soc.  7 (1972) 101 -104 ,  w e  di s c us s ed s harpened  f o r m s  o f  t h e
Jordan-Milder Theorem. T h e  results of  this discussion were written down

in a  letter by one of us to Barnes. T h e  issues addressed have cropped up
from time to t ime in conversation and correspondence w i t h  others. T here

has, by  now, been sufficient interest in them to justify some archiving. S o

we reproduce t he  let ter h e r e  i n  t y ped f orm (wi t h onl y  s ome minor

cosmetic edit ing).
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Dear Don,

15 June 72

Mike and I  have had some long discussions, provoked by the paper you
are currently publishing i n  t he Bulletin. H e r e  i s  a  description o f  some
stray results we think we have :  the proofs haven't been written down yet,
and I  would appreciate your comments on what if  any of this may be worth
writing down i n  full.

To begin with, let  us  consider a  possibly infinite group G  w i t h  a
finite chief series 1  -= H
o  <  <  H
n  G  
•  
B y  
t h e  
J o r d a n
-
H b l d e r  
T h e
o r e
m ,

every ot her chief series has the same length; l e t  1  •-= K
o  <  <  K
n  G  b e
one. L e t  X / Y  E (13
0 m e a n  
t h a t  
X / Y  
i s  
a  
F r a t
t i n i  
c h
i e
f  
f a c
t o r
,  
a
n
d  
X
/
Y  
e

that X / Y  i s  a  non-Frattini chief  factor. O u r  first result  is  that  one of
your theorems, wi t h suitable modification, holds  i n  this  generality, and
that the correspondence between the non-Frattini chief factors is  unique

(1) There is a permutation 13 o f  (1,...,n) and to each i  with H
i
/ H "

a maximal subgroup M
i  s u c h  
t h a t  M
i  
s u p p l e
m e n t s  
H / H
i
_
l  
a
n
d  K
i p
/ K
i v i

(that is, H
1
K
1 1 M
i  
b u
t  
H
i
M  
K
i p
M  
G
)  
•  
I
f  
1
3
'  
a
l
s
o  
h
a
s  
t
h
i
s  
p
r
o
p
e
r
t
y
,

then

ip = 43' = max {i e  0 }  whenever H
1
/ H
i ; 1  e  ( 1 3  •

It follows that  the number of  Frattini chief  factors i n  a  chief series
of G  i s  independent of  the chief series, for 13 m u s t  respect the o r
non-0 na t u re  of  chief factors. l t  would be nice to know that 13 c a n  be
chosen so as to also respect the G-isomorphism type of  the chief factors
however, in general this is  not  possible. W e  have an example of  a group
whose normal subgroup latt ice i s  finite and  distributive, y et  i t  has  two
chief s eries  s uc h t hat  eac h has  j us t  one  c hief  f ac tor o f  a  specific
G-isomorphism type, i n  t he firs t  series this  i s  Frattini, i n  t he other i t  is
non-Frattini (in fact, complemented by  a  maximal subgroup). W h a t  can be
salvaged here? The permutation p  c a n  be chosen to behave perfectly for
all finite o r  abelian chief  factors, and such t rouble i s  only  possible i n
relation t o  infinite nonabelian Frat t ini chief  factors. A l s o ,  1 3  c a n  be
chosen s o as  to respect Frattini type and G-similarity :  we call two chief
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factors of  G  s im i lar i f  the automorphism groups induced on them by  G
are i s om orphi c  q u a  automorphism groups .  ( I f  A  i s  a  g ro u p  o f
automorphisms of X  a n d  B  a  group of automorphisms of Y  , w e  say A
and B  a r e  isomorphic qua automorphism groups  i f  t here ex is t  ordinary
isomorphisms p :  A  ---»12, , X  V  such that

VXE X.  Va E A (xa)Nf = (xv)(a(P).)

All t h i s  has  a l s o provoked a  careful  l ook  a t  t he  Jordan-Wilder
Theorem itself. T h e  upshot is as follows. L e t  A  be a  modular lattice of
finite length (say ,  t h e  normal subgroup l a t t i c e o f  G  abov e) ,  a n d
H
o 
<  
<  
H
n
,  
K
o  
<  
<  
K
n  
t
w
o  
m
a
x
i
m
a
l  
c
h
a
i
n
s  
i
n  
A  
I
f  
X
,  
Y  
E  
A  
,  
w
r
i
t
e

(X A Y, X) ( Y ,  X v  Y) and say (X A Y, X) is perspective to (Y, X v  Y) O n
the set of  "chief factors" or "prime intervals" o r  A  ,  i.e. o n

f(U ,V)11J,VE A , U < V ,  ,
the relation i s  easily seen t o be a  partial order; c a l l  the equivalence
relation generated by  ,  projectiv ity. T h e  usual statement asserts that
there is a permutation y  on  (1,...,11) such that (H
i
_
i
,  H
i
)  a n d  ( K
i r i
,  K
i y
)  a r e

projective for all i  ;  a n d  such a y  i s  always given by  some equivalent of
the definition i y  = max (j I H
i
_
i  v  K
i
_
i  <  H
i  v  K
i
_
i
)  
T h e  
y  
s o  
d e fi n
e d  
i
s  
i
n

fact distinguished in a  number of  ways: (2) i t  is  the only permutation for
which corresponding c hief  fac tors  a r e  project ive wi thin t he  sublatt ice
generated by the H
i  a n d  
K .  
( b y  
T h e o
r e m  
5  
o
n  
p
.  
7
2  
o
f  
t
h
e  
1
9
4
8  
e d
i t
i o
n  
o
f

Birkhoff, t h i s  sublat t ice i s  fi ni te a n d  distribut ive);  ( 3 )  i t  i s  t he  onl y
permutation such that to each i  t here  is  an ( X
i
,  Y
i
)  p e r s p e c t i v e  
t o  b o t h

(H
i
_
i
,  
H
i
)  
a
n
d  
(
K
i
r
i
,  
K
)
;  
(
4
)  
i
t  
i
s  
t
h
e  
o
n
l
y  
p
e
r
m
u
t
a
t
i
o
n  
s
u
c
h  
t
h
a
t  
t
o  
e
a
c
h  
i

there is a (U
i
,  V
i
)  t o  
w h i
c h  
b o
t h  
( H
i
_
i
,  
H
i
)  
a
n
d  
( K
i l
o
,  
K
i )
, )  
a
r
e  
p e
r s
p e
c t
i v
e .

Coming closer to the situation considered by you, assume G  i s  finite
but not  necessarily soluble. I t  is  easy to see that for two chief factors to
have a  common maximal supplement (as in (1) above) i t  is  now necessary
and sufficient that  they  be  both perspective t o  a  (common) non-Frattini
chief factor. T h i s  opens up the way to dualization of  your condition, and
we have:-

(5) i f  G  i s  finite, there is a unique permutation 13 s uc h that
(5a) f o r  each i  wi t h  H
i
/ H
i  o c 1  
t h e r e  
e x i s t
s  
a  
n o n -
F r a t t i
n i  X
i
, / Y
i

to which both H
i
/ H
o  a n d  
K
i p
/ K
i v i  
a r
e  
p e r s
p e c t
i v e ;  
a
n
d

(5b) t o  each i  w i t h  H / H
1 1  e  
C 1  ,  
t h e r e  
i s  
a  
F r a t t i n
i  
X  
/ Y
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perspective to both H / H
1
_ .
1  a n d  K
1
/ K
1

Namely,

{
o  
0
1  
i
f  
H
i
/ H
i
_
l  
o  
c
D  
,

max tj  IH
i
K
i  1
/ H
i
_
l
K
i - 1

=
min fj1(1-1
i n  
1 9 /
( 1 -
l i  
1  
n  
K
i  
)  
E  
c
i
)
}  
i
f  
H
i
/
H
i -
1  
E  
(
1
)  
•

In this situation, o f  course, corresponding chief factors are G-isomorphic.
(This definition of  13 c ou l d  also be used in the case of  infinite G  ,  b u t
there we have no convenient interpretation f or the relationship set  up by
13 b e t w e e n  t he  Fratt ini chief  factors o f  t he t wo series.) W i t h o u t  the
solubility assumpt ion y o u  h a d ,  o n e  c anno t  qu i t e  ex pec t  c ommon
complements f or corresponding non-Rat t ini chief  factors: i t  i s  not  hard
to m ak e a n  insoluble fini te g roup  wi t h t wo  c hief  series  whic h hav e
different numbers of  complemented chief  factors. O n  t he other hand, a
supplement of  an abelian chief factor is  always a  complement, so (1) and
(5) really generalize your Theorem 2.

Our proofs are based on the key idea in the proof of Lemma 2.6 in the
Carter-Fischer-Hawkes paper,  a n d  a re  largely  lat t ice theoret ic .  U s i n g
that, (5) i s  quickly translated t o t he context of  a  modular lattice A  o f
finite l engt h,  w i t h  t h e  s e t  o f  " c hief  f ac tors "  part ial l y  ordered b y
perspectivity, and the set  o f  Rat t ini chief factors being an arbitrary
subset subject to two axioms

(Al) I f  (X, Y) E (I) and (X, Y) ( U ,  V) then (U,  V) E CD

(A2) I f  (X ,  Y) o ,  (U,  V) E srb , (X ,  Y) ( U ,  V) , and  (X ,  U) i s  a
chief factor, t hen 3  F  E A • (X, F) E CD and (F,  V) o cb

and i t  is  this  latt ice version o f  (5) that  we deal with.  [ Inc identally ,  the
empty set and the set of all chief factors of  A  b o t h  satisfy the conditions
(Al) and (A2) on c l )  ,  ( 4 )  and (3) arise as  special cases of  the lattice
version of  (5)1

Before closing, perhaps I  should describe the examples I  mentioned.
For the first one, let  B  b e  a  nonabelian finite simple group, S  t h e  full
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symmetric group on a  countably infinite set  J  a n d  W  t h e  unrestricted
permutational wreath product

W B W r S  S E P
The normal subgroup lat t ice o f  W  i s  fairly  eas i ly  found t o  b e  t he
following, with F  t h e  set  of  finitary permutations on J  a n d  A  t h e
alternating part of F

F 1 3
0 )

The nex t  k ey  f ac t  i s  that ,  according t o  a  result  o f  8 .  H .  Neumann
(MZ 87 (1965)), B P  i s  not complemented in B J  ,  f rom which one derives
that B M  h a s  no proper supplement in W  T a k e  now G  t o  be the
subgroup of the direct square W  x W o f  W  generated by the diagonal W 6
and B(J)xl ;  put

x 1 ,  1  x  ,  H
2  =  K
2  =  B
( J )  
X  B (
J
)  
,  
H
3  
=  
K
3  
=  
H
2
( B
J
5 )

H
4  
=  
K
4  
=  
H
2
(
A  
B
J
)
5  
,  
H
5  
=  
K
5  
=  
H
2
(
F  
B
J
)
5  
,  
H
6  
=  
K
6  
G

The only  chief  factor K
i
/ K
i
_
l  w h i c h  
i s  G -
i s o m o r p
h i c  
t
o  
H
i  
i
s  
c l e
a r l
y

K
2
/
K
1  
•  
N
o
w
,  
G 
H
1
(
W
6
)  
,  
H
i  
n  
W
8  
=
•  
1  
,  
a
n
d  
i
t  
i
s  
e
a
s
y  
t
o  
s
e
e  
t
h
a
t  
W
6

is maximal in G  ;  s o  H
1
/ 1  i z  
H o w e v e r
,  K
2
1 K
1  
E  
F o
r ,  
i
f  
M  
i
s  
a

maximal subgroup containing K
i  t h e n  M / K
1  i s  
a  
m a x i m a
l  
s u b g r o
u p  
o f

G/K
1 
L t  
W  
;  
a
s  
i
n  
t
h
i
s  
i
s
o
m
o
r
p
h
i
s
m  
K
2
/
K
1  
c
o
r
r
e
s
p
o
n
d
s  
t
o  
B
M  
w
h
i
c
h  
h
a
s

no proper supplement in W  , o n e  must have M/ K
1 K
2
/ K
1  T h e  
d i a g r a m  
o f

the normal subgroup lattice of G  i s
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H
6  
=  
K
6  
=  
G

H
5  
=  
K
5

H
4  
=  
K
4

6

H
2  
=  
K
2

H
3  
=  
K
3

The second example is  much easier. L e t  C l  b e  the automorphism
group of  the alternating group A
6  •  A s  i s  
w e l l  
k n o w n ,  
C t / A
6  
=  
0
2  
X  
0
2  
( w
e

consider A
6
,  
a n d  
a l s
o  S
6
,  
e m
b e
d d
e d  
i
n  
C
.
1
)
,  
a
n
d  
-  
a
s  
i
s  
p
e
r
h
a
p
s  
l
e
s
s  
w
e
l
l

known - CA does  not split over A
6  •  [ I n d e e d ,  
e v e r y  
e l e m e n t  
o f  
C i  
b u t  
n o t

of S
6  
i
s  
k
n
o
w
n  
t
o  
i
n
t
e
r
c
h
a
n
g
e  
t
h
e  
t
w
o  
c
l
a
s
s
e
s  
o
f  
o
d
d  
i
n
v
o
l
u
t
i
o
n
s  
i
n  
S
6

and a complement of A
6  i n  C I  
w o u l d  
h a v e  
t o  
c o n t
a i n  
a
n  
o d
d  
i n v o
l u t i
o n  
a
n
d

an element of  CA ,  outs ide S
6  ,  
c e n t r a l i z i n g  
t h a t  
i n v o l u t i o
n . ]  
L e t  
T

denote a Sylow 2-subgroup of  C i  ,  and  let G  b e  the subgroup of the direct
square CI  x Ci o f  CI generated by A
6  X  1  a n d  
t h e  
d i a g o n a l  
c o p y  
T 6  
o f  
T

The complemented chief factors of  G  a r e  the abelian non-Frattini factors
and some of  the nonabelian chief factors. E a c h  chief series has just one
nonabelian chief factor; a  chief series through A
6  X  1  h a s  i t s  
n o n a b e l i a n
factor complemented (by  T5, say). Howev er,  another chief series may be
taken through 1  x  (T  n A
6
)  a n d  A
6  X  
( T  
n  A
6
)  
,  
a n d  
h e r
e

(A
6 
x  
(
T  
n  
A
6
)
)
/
(
1  
x  
(
T  
n  
A
6
)
)

is not  complemented. I ndeed,  i f  M  w e r e  a  complement, i ts  projection
into t h e  fi rs t  direct factor ek  x  1 o f  CI x  Cl w o u l d  have t o supplement
A
6 
X  
i  
,  
b
u
t  
a
s  
A
6  
X  
1  
h
a
s  
n
o  
c
o
m
p
l
e
m
e
n
t  
i
n  
C
I  
x  
1  
,  
w
e  
w
o
u
l
d  
h
a
v
e  
t
o

have an element a  x b i n  M  wi th 1  *  a E A
6  •  A s  G  =  
( A
6  x  1 )
( T 8 )  ,  
w e

would have to have a  x b ( c  x 1)(t x t) wi t h C E  A
6  , t E T  ;  h e n c e  
a  =  
c t



would show t  E A
6  n  T  
a n d  
s o  
a x  
b E  
A
6  
x  
(
T  
n  
A
6
)  
n  
M  
.
1  
x  
(
T  
n  
A
6
)

contrary to a  *  1 above.  •

In the hope that I  have not overstated any of our claims, and that you
will excuse t he hurried nature o f  this  note, I  am  sending i t  on without
risking further indefinite delays by  attempting t o polish i t  up.

All the best,

Laci.
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