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On the rings assigned to  varie ties o f  groups o r  rings

1. In t r o d u c t i o n

2. P re l i m i n a r i e s

Freese and  McKenzie [ 2 ] .

L. G. Kovgcs

ANS C l a s s i fi c a t i o n :  0 8  B  1 0 ,
20 E  10

In §9  o f  a n  u n p u b lish e d  b u t  much quo ted  p r e p r i n t  [ 2 ] ,  Fre e se  and

McKenzie d e fin e d  a n  (a s s o c i a t i v e )  r i n g  R ( V )  t o  each congruence-modu la r

v a r i e t y  V  .  F u r t h e r ,  f o r  any d b e l ia n  congruence 1 3  o f  a n  a lg e b ra  A

in  V  ,  a n d  f o r  each  e le me n t  a  o f  A  ,  t h e y  d e fin e d  a n  R(V )-mo d u le

s t ru c t u re  o n  t h e  1
3 - c l a s s  
o f  
a  
( i n  
w h i c
h  
a  
p l
a y
s  
t
h
e  
r o
l e  
o
f  
z e
r o
) .

Th e ir Prob lem 9 . 5  a sks :  c a l c u l a t e  R ( V )  w h e n  V  i s  t h e  v a r i e t y  o f  a l l

groups o r  t h e  v a r i e t y  o f  a l l  ( a s s o c i a t i v e )  r i n g s .  I n  a  v e ry  re c e n t

paper [ 4 ] ,  S iv g k  answered ( i n  e f f e c t )  t h a t  i n  t h e  fi r s t  c a s e  R ( V )  i s

the i n t e g r a l  g ro u p  r i n g  o f  t h e  i n fi n i t e  c y c l i c  g ro u p .  A n o t h e r  p ro o f  o f

t h i s  r e s u l t  w i l l  b e  g ive n  h e re ,  a n d  i t  w i l l  b e  n o te d  t h a t  a  g e n e ra t o r o f

t h i s  c y c l i c  g ro u p  a c t s  o n  t h e  1 3 -c la s s  o f  a  a s  (g ro u p )  co n ju g a t io n  b y

a .  F o r  t h e  second case  o f  Prob lem 9 . 5 ,  i t  w i l l  b e  shown t h a t  t h e n

R(V) i s  t h e  r i n g  o f  a l l  p o lyn o mia ls  i n  t wo  (co mmu t in g ) in d e t e rmin a t e s

wi t h  i n t e g e r  c o e f fi c i e n t s .  F u r t h e r ,  o n  t h e  1 3
- c l a s s  o f  a  
o n ein d e te rmin a te  a c t s  a s  a  +  a  +  ab  a n d  t h e  o t h e r  a s a  +  b i - -  a  +  b a

(where b  r a n g e s  t h ro u g h  t h e  i d e a l  a sso c ia t e d  w i t h  1 3  ) .  T h e  co n c lu d in g

se ct io n  w i l l  c o n t a in  re ma rks o n  R ( V )  w h e n  V  i s  a n  a r b i t r a r y  v a r i e t y

o f  g ro u p s.

For n o t a t io n  and t e rmin o lo g y  i n  g e n e ra l ,  t h e  re a d e r i s  r e f e r re d  t o
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We mu st  r e c a l l  t h e  d e fi n i t i o n  o f  R ( V )  a n d  o f  i t s  a c t i o n .  L e t  F

be t h e  f r e e  a lg e b ra  o f  V  f r e e l y  gene ra ted  b y  u  a n d  v  ;  d e n o t e  b y

y t h e  s ma l l e s t  congruence o n  F  s u c h  t h a t  ( u ,  v )  E y  ,  a n d  b y  T r  t h e

n a t u ra l  homomorphism o f  F  o n t o  F / [ y ,  y ]  ;  l e t  T r ( y )  b e  t h e  co n g ru -

ence o n  f f ( F )  c o r re s p o n d in g  t o  y  .  T h e  e le me n ts o f  R ( V )  a r e  t o  be

the e le me n ts o f  t h e  I T ( y ) - c l a s s  o f  7 ( v )  .

For any a lg e b ra  A  i n  V  a n d  f o r  any a ,  b  E  A  ,  l e t  T
a , b  d e n o t ethe homomorphism o f  F  i n t o  A  w h i c h  maps u  t o  a  a n d  v  t o  b

Let d  d e n o t e  a  t e rn a ry  d i f f e re n ce  t e rm o f  V  .  W r i t e  a d d i t i o n  and mu l t -

i p l i c a t i o n  i n  R ( V )  a s  ( 0  a n d  0  ,  t o  d i s t i n g u i s h  them f ro m t h e  c o r r e -

sponding o p e ra t io n (s )  i n  V  T h e n

and

and

Tr(r) T r ( s )  =  T r (d ( r ,  v ,  s )

7 ( r )  T r ( s )  =  ( P
7 ( s ) ,  7
( v )

a '  (0 a "  = d ( a ' ,  a ,  a " )

7 ( r )  a '  =  y
a ,  a

, ( r )

r )

f o r  a l l  7 ( r )  ,  Tr(s ) i n  R ( V )  I t  was shown b y  Fre e se  and  McKenzle

( lo c .  c i t . )  t h a t  ( •  a n d  a r e  w e l l  d e fin e d  b y  th e se  e q u a t io n s ,  d o

not depend on  t h e  ch o ice  o f  d  ,  a n d  make R ( V )  i n t o  a n  a s s o c ia t i v e

r i n g  w i t h  T r ( v )  a s  z e ro  and  f f ( u )  a s  1  .

Fu rt h e r,  i f  f3 . i s  a n  a b e l ia n  congruence o n  a n  a lg e b ra  A  i n  V

a n
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3. G r o u p s
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[ f o r  a l l  ( a ,  a ' )  ,  ( a ,  a " )  i n  ( 3  a n d  T r ( r )  i n  R ( V ) ] .  I n  t h i s

module a  p l a y s  t h e  r o l e  o f  ze ro .

As i s  w e l l  known, f o r  any v a r i e t y  V  o f  g roups one  may choose d

as d ( x ,  y ,  z )  =  x y - 1 z ,  w h i l e  f o r  a  V  c o n s i s t i n g  o f  r i n g s  d  m a y

be t a ke n  a s d ( x ,  y ,  z )  = x - y t z .  A c o n g ru e n c e  o n a g r o u p  o r  r i n g

i s  a b e l ia n  i f  i t s  k e rn e l  i s  a  commuta t ive  g ro u p  o r  a  z e ro r i n g ,  r e s p e c t i v e l y .

Let V  b e  t h e  v a r i e t y  o f  a l l  g ro u p s,  a n  l e t  d  b e  chosen a s

above. T h e n  y  i s  t h e  congruence modulo  t h e  n o rma l c l o s u re ,  s a y  N
-1  .

o f  v  u  i n  F  ,  a n d  T r ( F )  i s  t h e  q u o t ie n t  o f  F  mo d u lo  t h e  commut-

a t o r subgroup N '  o f  N  .  S e t  w  =  v -1 u ;  n o t e  t h a t  w  a n d  v  f o r m

another f re e  g e n e ra t in g  s e t  f o r  F  .  T h e  s e t  { v - n w v n  in o b v i o u s l y

generates N  ,  a n d  i t  i s  a n  e le me n ta ry e x e rc is e  f ro m fi r s t  p r i n c i p l e s

to  show t h a t  i t  does so  f r e e l y .  Co n s e q u e n t l y ,  { f f ( v -n wvn)  i n  E V  f r e e l y

generates T r ( N )  a s  a b e l ia n  g ro u p .  T h e  i n fi n i t e  c y c l i c  g ro u p  ( 7 ( v ) )

generated b y  T r ( v )  a c t s  o n  T r ( N )  b y  co n ju g a t io n  i n  1 1
-
( F )  ,  s o  I T ( N )i s  n a t u r a l l y  a  module  f o r  t h e  i n t e g r a l  g roup  r i n g  B f f ( v ) )  ;  t h e  p re v io u s

sentence y i e l d s  t h a t  i t  i s  i n  f a c t  a  f r e e  B 7 ( v ) ) - m o d u l e ,  f r e e l y

generated a s su ch  b y  T r (w )  .  T o  match  m u l t i p l i c a t i v e  n o t a t io n  i n  t h i s

module T r ( N )  ,  t h e  a c t i o n  o f  E 7 ( v ) )  w i l l  be  w r i t t e n  e x p o n e n t ia l l y ;
„thus we w r i t e  i r ( w ) t  =  1 1 1

-
r(v-
n w v n )
t ( n )

when t  i s  t h e  e le me n t

E t (n )7 (v )  o f  t h e  g ro u p  r i n g .  [ B o t h  I I  a n d  E  a r e  t a ke n  w i t h  n

rang ing  o v e r  i  ;  a l s o ,  t ( n )  E  i  f o r  a l l  n  a n d  t ( n )  =  0  f o r

a lmost  a l l  n  . ]

By d e fi n i t i o n ,  t h e  e le me n ts o f  R ( V )  a r e  p re c i s e l y  t h e  e le me n ts
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y ie ld s  t h a t

= 71.(7) • ( w ) t + t  =

= p ( t  +  t ' )  .

4

p :  Ze rr(v )  R  ( )  T r ( v  ) i r ( w )
t

i s  a  b i j e c t i o n .  I t  i s  s t ra i g h t f o rw a rd  t o  v e r i f y  t h a t  t h i s  p  i s  a  r i n g

isomorph ism. I n d e e d ,  now

i t ( r ) f-T; 7
( s )  
=  
T r ( d
( r ,  
v
,  
s
)
)  
=  
7 1
-
( r v
-
l
s )  
=  
u
(
r
)  
u
(
v
)
-
1
i
t
(
s
)

so p ( t )  p ( t
I
)  =  p
( t )  .
u ( v )
- 1
• p ( t
i  
)  
=

= i t ( v )  u (w ) t U ( v )
- 1 U ( v )  
I T ( w )
t  
=

Next ,  l e t  s  b e  a n y e le me n t  o f  F  s u c h  t h a t  T r ( s )  =  p ( t ' )  :  t h e n
-1 t '

( P
u
( s
) ,  
u
(
v
)
(
w
)  
=  
(
P
p
(
t
'
)
,
T
r
(
v
)
(
v  
u
)  
=  
u
(
v
)  
l
p
(
t
1
)  
=  
u
(
w
)  
a
n
d  
o
f

course ,  T
7 ( s ) ,
7 1 . ( v )
( v )  
=  
7 1
-
( v )  
.  
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r  =  v i l ( v -n wvn) t ( n ) : t h e n  7 ( r )  =  p ( t )  .  T h u s

p ( t )  o  p
(
t ' )  
=  
u
( r )  
u
( s
)  
=

= m
( s ) ,  Tr(v ) =

= T r o i
m o r
( v )
- n
7 ( o
t '
w
( v )
n
)
t ( n )  
=

=
•
7
1
-
(
v
)
i
l
w
(
w
)
t
'
t
(
n
)
n
(
v
)
n

•

= u ( v )  T r ( w )
t i t

= p ( t ' t )

= p ( t t
i
)as re q u i re d  ( t h e  l a s t  s t e p  coming  f ro m t h e  c o mmu t a t iv i t y  o f  B u ( v ) ) )



4. R i n g s
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F i n a l l y ,  l e t  a  b e  a n  e le me n t  and  B  a n  d b e l ia n  n o rma l subgroup
-1

in  a  g roup  A  :  w e  need t o  show t h a t  p ( r r ( v ) )  a '  =  a  a ' a  f o r  a l l

a i n  t h e  co se t  B a  .  T h i s  h o ld s  because p ( f f ( v ) )  =  7 (v )7 (w )n ( v )  =
-1  - 1

n (v  u v )  s o  p ( T r ( v ) )  0  a '  i s  b y  d e fi n i t i o n  m a„  a ( v  u v )  .

Now l e t  V  b e  t h e  v a r i e t y  o f  a l l  a s s o c ia t i v e  r i n g s  w i t h  1  ( o r

wi t h o u t  i n s i s t i n g  o n  1 )  ,  a n d  s e t  w  =  u  -  v  ,  I t  i s  c l e a r  t h a t  F

i s  a l s o  f r e e  o n  w  a n d  v  [ a s  u1-4- w ,  v1
-
4
- v  a n d  u i - 4 -  
u  +  
v  ,  
v

d e fin e  a n  in v e rs e  p a i r  o f  endomorphisms o f  F ] .  T h e  k e rn e l  o f  y  i s  now

the  t wo -s id e d  i d e a l  I  g e n e ra t e d  b y  w  ,  a n d  t h e  k e rn e l  o f  [ y ,  y ]  i s

I2 :  t h u s  T r ( I )  h a s  a n  a d d i t i v e  b a s is  c o n s i s t i n g  o f  t h e  T r ( v w v j )

w i t h  i ,  j  n o n n e g a t i v e  i n t e g e rs .  N o w  R ( V )  i s  t h e  co se t  T r ( v )  +  T r( I )

so each  e le me n t  o f  i t  i s  u n iq u e ly  e xp re ss ib le  a s  T r ( v )  +  E a . . 7 (v w v j )13

w i t h a
i j
E Z f o
r a l l i
, j a n d
a .
j  
=
0  
f
o
r  
a
l
m
o
s
t  
a
l
l  
i  
,  
j

1

D i f f e r e n t l y  p u t :  p  :  E a . . x y j  T r ( v  +  E a . . v s v j )  d e fi n e s  a  b i j e c t i o n13 1 3

from t h e  commuta t ive  p o lyn o mia l  r i n g  Z [ x ,  y ]  o n t o  R ( V )

I t  i s  s t ra i g h t f o rw a rd  t o  v e r i f y  t h a t  t h i s  i s  a n  iso mo rp h ism o f  r i n g s .

Indeed, t h e  a d d i t i v e  n a t u re  o f  t h e  map i s  q u i t e  o b v io u s.  T o  d e a l  w i t h

m u l t i p l i c a t i o n ,  l e t  r  =  v  +  E r . . v w v j  ,  s  =  v  +  Esk l vkwv1 ,  a n d  d e fin e13
m 11

t mn b y  ( E r . . x y j ) (E s k l xky1)  =  E t mn x  y  :  s i n c e  p Tr(s),  Tr(v) ma p s13
w t o  i r ( s  -  v )  a n d  v  t o  7 1
-
( v )

7(r) (s 7(s) = ( p
7 1
.
( s ) ,  7 1
.
( 7 )
( r )  
=

= Tr(v) +  E r . . f f ( v )
1
f f
( E s k l v
k w
v 1
) 7 1
-
( v )
i  
=

13

= 7 ( v  +  E t  v mwvn)mn



Now l e t  a E A E V  a n d  B  a n  i d e a l  i n  A  w i t h  B 2 = O .  A s

5. Remarks

6

(pa+b,a(w) =  ( a  i -b )  -  a  =  b  a n d  p ( x )  =  7 ( v  +  vw)

p (x ) ®  (a  +  b ) = 9 a +b ,a ( v  +  vw) =  a  +  ab

s i m i l a r l y ,  p ( y )  =  7 ( v  +  wv ) a n d  so

p (y ) ( a  +  b ) 1 - b a= ( P
a
+ b ,
a
( v  
w
v
)  
=  
a

Take u p  t h e  s i t u a t i o n  i n  S e c t io n  3 .  T h e  g ro u p  7 ( F )  o r  F / N '  i s

known a s t h e  r e s t r i c t e d  s ta n d a rd  wre a th  p ro d u ct  o f  t h e  t wo  i n fi n i t e  c y c l i c

groups g e n e ra te d  b y  7 ( w )  a n d  7 ( v )  ,  r e s p e c t i v e l y ,  w i t h  7 ( N )  t h e

"base g ro u p " .  K e e p i n g  t h i s  F ,  N ,  7 ,  change V  t o  a n  a r b i t r a r y  v a r i e t y

o f  g ro u p s,  a n d  l e t  H  b e  t h e  v e rb a l  subgroup o f  7 ( F )  c o r re s p o n d in g  t o

V [ t h a t  i s ,  t h e  s ma l l e s t  n o rma l subgroup o f  7 ( F )  mo d u l o  wh ich  t h e

q u o t ie n t  l i e s  i n  V ] .  T h e  s e t  { t  E E T r (w ) )  1 7 ( w )
t  E  H }  i s  t h e n  
a nid e a l  i n  t h i s  g ro u p  r i n g ,  a n d  t h e  q u o t ie n t  modu lo  t h i s  i d e a l  i s  t h e

r in g  a ssig n e d  t o  t h i s  V  .  Co n s e q u e n t l y ,  a s  S iv g k  n o te d  i n  [ 4 ] ,  R(V )

depends o n l y  o n  t h e  me ta b e lia n  g roups co n ta in e d  i n  V  ,  a n d  i s  u s u a l l y

easy enough t o  c a lu l c a t e .

Th is encourages one  t o  r a i s e  t h e  q u e s t io n :  j u s t  wh a t  a re  a l l  t h e

r in g s  a ssig n e d  t o  g ro u p  v a r i e t i e s ?  E q u i v a l e n t l y ,  ca n  one somehow d e sc rib e

a l l  v e rb a l  subgroups i n  t h e  wre a t h  p ro d u c t  o f  t wo  i n fi n i t e  c y c l e s ?  T h i s

i s  a  s ma l l  f ra g me n t  o f  t h e  g e n e ra l  q u e s t io n  o f  i d e n t i f y i n g  a l l  v a r i e t i e s

o f  me ta b e lia n  g ro u p s.  T h a t  l a r g e r  p ro b le m has been reduced  b y  B ryce  [ 1 ]

t o  t h e  p rime -p o we r-e xp o n e n t  ca se  wh ich  re ma in s open .  I t  wo u ld  be

in t e re s t i n g  t o  check o u t  wh e th e r ( t h e  re le v a n t  f ra g me n t  o f )  B ry c e ' s

argument reduces o u r  p ro b le m t o  fi n d i n g  t h e  v e rb a l  subgroups o f  p r ime -
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-power in d e x  i n  o u r  wre a th  p ro d u c t .  I f  i t  d o e s,  t h e n  one i s  i n  e f f e c t

l e f t  w i t h  t h e  t a s k  o f  u n d e rsta n d in g  v e rb a l  subgroups i n  t h e  wre a th

p roduct  o f  t wo  fi n i t e  c y c l i c  g ro u p s,  t h e  o rd e r  o f  each  c y c l e  b e in g  a

power o f  t h e  same p r ime .

Th is r e s i d u a l  q u e s t io n  does n o t  appea r t o  b e  a n y t h in g  l i k e  a s

d i f fi c u l t  a s  t h e  s t i l l  in co mp le te  e x p lo ra t i o n  o f  v a r i e t i e s  o f  me ta b e lia n

n i lp o t e n t  g roups o f  p rime -p o we r exponent.  F o r ,  i n  such  a  fi n i t e  wre a t h

p roduct  one  h a s a  re a so n a b le  o ve rv ie w o f  a l l  n g rma l subgroups.  T h e  ke y

p o in t s ,  s p e c i a l  cases o f  r e s u l t s  o f  Leedham-Green and  Newman [ 3 ] ,  seem

t o  be  t h e  f o l l o w i n g .  L e t  W  b e  t h e  wre a th  p ro d u c t  o f  two  c y c l i c  g roups

G, H ,  o f  o rd e rs  p m a n d  p n ,  s a y .  T h e r e  e x i s t  n  +  1  u n i s e r i a l

H-modules X
0
,  X
1
, . . . , X
n  
s u
c h  
t h
a t  
t
h
e  
b
a
s
e  
g
r
o
u
p  
o
f  
W  
v
i
e
w
e
d  
a
s  
a
n

H-module i s  ( i s o mo rp h ic  t o )  a  s e c t io n  ( t h a t  i s ,  q u o t i e n t  o f  a  submodule)

o f  t h e  d i r e c t  sum X  X n I n  g e n e ra l ,  a l l  s e c t io n s  o f  a  d i r e c t0

sum o f  t wo  modules a re  u n d e rsto o d  once one knows a l l  iso mo rp h isms between

se ct io n s o f  t h e  d i r e c t  summands. I n  a  sum w i t h  more  t h a n  t wo  summands

one ca n  a t t e mp t  t o  p roceed  i n d u c t i v e l y :  fi r s t  e l a b o r a t e  t h e  'p o ss ib le

se ct io n s o f  X
0  ( 0  X
1  ,  
t h e
n  
t h
e  
i s o m
o r p h
i s m s  
o
f  
t
h
e
s
e  
w
i
t
h  
s e
c t
i o
n s  
o
f

X
2  
,  
t
h
e
n  
c
o
n
s
i
d
e
r  
s
e
c
t
i
o
n
s  
o
f  
(
X
0  
E
D 
X
1
)  
1
9
)  
X
2  
,  
a
n
d  
s
o  
o
n
.  
I
n  
g
e
n
e
r
a
l
,

t h i s  ca n  g e t  o u t  o f  hand v e ry  r a p i d l y ,  b u t  i n  t h e  p re se n t  ca se  one sh o u ld

be a b le  t o  keep i t  u n d e r c o n t ro l .  T h e  i n i t i a l  i n f o rma t io n  i s  t h a t  t wo

s e c t i o n s o f a n X . a r e  iso mo rp h ic  i f  and  o n ly  i f  t h e y  have  t h e  same

composit ion  l e n g t h ,  a n d  e le me n ta ry ( t h a t  i s ,  o f  exponent p )  i f  and

o n ly i f  t h a t  le n g t h  i s  a t  most  1  wh e n  i  =  O ,  a t  mo st  p
1 - l
( p - 1 )w h e n i > 0 . F o r i 0 j , a s e c t i o n o f X . i s  i s o rmo rp h ic  t o  a

s e c t i o n o f X . i f  and o n l y  i f  t h e y  a re  b o t h  e le me n ta ry  and have t h e

same le n g t h ;  i f  t h a t  le n g t h  i s  k  (>0 ) ,  t h e  number o f  re le v a n t  i i s o mo r-k-1
phisms s  p  ( p - 1 )
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Yet a n o t h e r reason to  b e  o p t i m i s t i c  a b o u t  t h i s  p ro b le m l i e s  i n  t h e

f a c t  t h a t  t h e se  wre a t h  p ro d u ct s  a re  f r e e  a lg e b ra s  o f  ra n k  1  i n  s u i t a b l e

(congruence-modu la r) v a r i e t i e s  o f  wha t  B ryce  c a l l e d  b i -g ro u p s  and

B . I .  P l o t k i n ' s  sch o o l  c a l l s  g ro u p  p a i r s  o r  g roup  re p re se n t a t io n s .  T h e

study o f  a l l  " v e rb a l "  congruences o n  t h i s  f r e e  a lg e b ra  i s  a  n a t u ra l  and

b a s ic  p ro b le m wh ich  sh o u ld  be  ca p a b le  o f  re s o lu t i o n .  T h e  v e rb a l  subgroups

we wa n t  a re  t h e  k e rn e ls  o f  some o f  th e se  congruences:  s o  a  co n c lu s ive

so lu t io n  o f  t h a t  p ro b le m wo u ld  c re a t e  a n  e x t re me ly  h e l p f u l  f ramework f o r

approaching o u rs :  a  f ramework co n t a in in g  much l e s s  -
i r r e l e v a n t  m a t e r i a l
than t h e  d iscu ss io n  o f  a l l  n o rma l subgroups i n d i c a t e d  above.

Received f o r  Research Re p o rts November 2 0 ,  1985 .
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