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In  h i s  re c e n t  t h e s i s  [ 9 ] ,  C . L .  Kanes co n s t ru c t e d

an i n t e r e s t i n g  new f a m i l y  o f  F i t t i n g  f o rma t io n s  and  p ro ve d

t h a t  n o t  a l l  members o f  t h i s  f a m i l y  a re  s a t u ra t e d .  H i s  a t t e mp t

t o  fi n d  a  n e ce ssa ry and  s u f fi c i e n t  c o n d i t i e n  o f  s a t u ra t i o n  i n

t h i s  c o n t e x t  was o n l y  p a r t l y  s u c c e s s f u l .  T h i s  n o t e  p re se n t s

such a  c o n d i t i o n .

Standard t e rmin o lo g y  w i l l  b e  u se d :  s e e  f o r

in sta n ce  G a sch a z  [ 5 ] .  L e t  F  b e  a n  a l g e b r a i c a l l y  c lo se d

fi e l d  o f  p r ime  c h a r a c t e r i s t i c  q  ;  l e t  7  b e  a  s e t  o f  p r ime s

(w i t h  T r '  t h e  comp lemen ta ry s e t ) ,  X  a  F i t t i n g  f o rma t io n  i n

the p ro d u c t  c l a s s  S
I T
S
T I
. ,  ,  
a n d  
H  
7
( X
)  
t h
e  
c l a
s s  
o
f  
a
l l  
t h
o s
e

groups G  i n  S  q ,S qX w h i c h  s a t i s f y  t h e  f o l l o w i n g  c o n d i t i o n :
i f  U  i s  a n  i r r e d u c i b l e  submodule o f  F  ®  V f o r  some

q -c h i e f f a c t o r  V  o f  G  ,  t h e n  U  r e g a r d e d  a s  0  ( G ) -q
t
(
f
r
i
.

module i s  homogeneous ( t h a t  i s ,  a  d i r e c t  sum o f  p a i rw i s e

iso mo rp h ic i r r e d u c i b l e  mo d u le s).  B y  Theorem 5 . 2 . 2  o f  Kanes [ 9 ] ,

each su ch  c l a s s  H  7 (X ) i s  a  F i t t i n g  f o rma t io n .  H i s  Theorem

5 .3 .4  s t a t e s  i n  e f f e c t  t h a t  when q  f  Tr. ,  t h i s  f o rma t io n  i s

sa tu ra te d  i f  and  o n l y  i f  X  l i e s  i n  t h e  c l a s s  S
I T  V  S  o f

TI.
,

a l l  d i r e c t  p ro d u c t s  o f  7 -g ro u p s and  l i ' -g ro u p s .  T h e  g e n e ra l

ve rs io n  i s  t h e  f o l l o w i n g .



2.

THEOREM. T h e  for mat ion H  7(X)  i s  s atur ated i f  and only  i f

X c  S (
S  
v S  
)
'  
a
n
d  
i
n  
t
h
a
t  
c
a
s
e  
H  
7
(
X
)  
=  
S  
S  
X

— q  7  7 '  q l  q

Thus when 7 (X )  i s  r e a l l y  a  " n e w"  F i t t i n g

f o rma t io n  ( r a t h e r  t h a n  a n  " o l d "  one  e a s i e r  d e sc rib e d  a s  a

p ro d u c t ) ,  i t  i s  n e ve r sa t u ra t e d .  N o t e  t h a t  i n  t h e  ca se  q  4  7

the  a ssu mp t io n  X c S S  e n s u r e s  t h a t  X c S  ( S  VS )  i s— 7  7 '  —  q  7  7 '

e q u iva le n t  t o  X c S Tr v S  ,  s o  t h i s  r e s u l t  i s  i n  agreement-

w i t h  t h e  th e o re m o f  Kanes p a ra p h ra se d  above .  T h e  re l e v a n t  s p e c i a l

case o f  t h e  p ro o f  g iv e n  h e re  i s  e s s e n t i a l l y  h i s .

I t  i s  o b v io u s  t h a t  i f  X  c  S  ( S  vS  )  t h e n— q  7  7 /
H ( X )  i s  t h e  wh o le  c l a s s  S  , S  X  a n d  o f  co u rse  t h i s  f o rma t io nq

.  
qi s  a lwa ys  s a t u ra t e d .  S u p p o se  t h a t  X  t  4 S(1T r  vS Tr, )  y e t  H  7

( X )i s  s a t u ra t e d :  t h e  Theorem w i l l  b e  p ro ve d  b y  sh o win g  t h a t  t h i s

leads t o  a  c o n t ra d i c t i o n .

The a rgumen t  i s  c a r r i e d  o u t  i n  t h re e  s t e p s .  T h e

c e n t ra l  s t e p  i s  t h e  c o n s t ru c t i o n  o f  t wo  g ro u p s,  G
l  a n d  0
2  s a y ,w i t h  t h e  f o l l o w i n g  p ro p e r t i e s .  F i r s t ,  G  E X n H
7
( X )

1

0
7
1
_
,
(
G
1
)  
=  
1  
,  
a
n
d  
0
2  
l
i
e
s  
i
n  
t
h
e  
f
o
r
m
a
t
i
o
n  
g
e
n
e
r
a
t
e
d  
b
y  
G
l

Second, t h e r e  e x i s t s  a  f a i t h f u l  i r r e d u c i b l e  F O
I T
( G
1
) - m o d u l e  W
1

which i s  G1 - in v a r ia n t  ( t h a t  i s ,  i s o mo rp h ic  t o  each  o f  i t s  co n ju g a t e s

by e le me n ts  o f  G
1
) .  
T h i r d ,  
t h e r
e  
i s  
a
n  
i r r e
d u c i
b l e  
F 0
7
( G
2
) -

module W
2  
w h i c
h  
i s  
n
o
t  
G
2
-
i n
v a
r i
a n
t .  
O
n
c
e  
w
e  
a
r
e  
i
n  
p
o
s
s
e
s
s
i
o
n

o f  t h e se  g ro u p s a n d  mo d u le s,  t h e  fi n a l  s t e p  goes e a s i l y ,  a s  f o l l o w s .

By Theorem 7 . 1  o f  Dade [ 4 ]  (s e e  a l s o  I sa a cs  [ 8 ] ) ,  W
1  i s  t h e
r e s t r i c t i o n  o f  some FG1 -module U 1 ( w h i c h  i s  f a i t h f u l  s i n c e
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0 ( G 1 ) =  1  ,  a n d  o f  co u rse  i r r e d u c i b l e ) ;  i n  t u r n ,  U 1 i s  a7 '

submodule o f  F  ®  V1 f o r  some f a i t h f u l  i r r e d u c i b l e  F qG1-modu le

V
i  
.  
O
n
e  
r
e
a
d
i
l
y  
s
e
e
s  
t
h
a
t  
t
h
e  
s
e
m
i
d
i
r
e
c
t  
p
r
o
d
u
c
t  
V
i
G
i  
l
i
e
s

In  H  r
( X )  
.  
O
n  
t
h
e  
o
t
h
e
r  
h
a
n
d
,  
W
2  
i
s  
a  
s
u
b
m
o
d
u
l
e  
o
f  
t
h
e

r e s t r i c t i o n  o f  some i r r e d u c i b l e  F G
2
- m o d u l e  U
2  ,  
a n d  
a s  W
2  
i s

not G2- i n v a r i a n t  t h a t  r e s t r i c t i o n  i s  c e r t a i n l y  n o t  homogeneous.

Take a n  i r r e d u c i b l e  F qG2-modu le  V 2 s u c h  t h a t  F  ®  V2 c o n t a i n s
t

 U2 '  • t h e n  V 2 G2 1  H  7  (X) .  S i n c e  o u r  f o rma t io n  i s  s a t u ra t e d ,  i t

has a  " f u l l  i n t e g ra t e d  l o c a l  d e fi n i t i o n "  ( s e e  C a r t e r  and  Hawkes

[ 3 ] ) ;  t h e  f o rma t io n  F  c o r re s p o n d in g  t o  t h e  p r ime  q  i n  t h a t  i s

such t h a t  F  = S F C H
T T
( X ) C S  
F .  
A s  
V  
i s  
f a i t h
f u l ,

q q

0q ' (111G1) =  1  ,  s o  V
1
G
1  E  H
q • T
( X )  
c  
S ( 1
1  
F  
i m p l
i e s  
t h
a t  
V
1
G
1  
F

Because G 2 l i e s  i n  t h e  f o rma t io n  g e n e ra te d  b y  G 1 '  we  g e t  t h a t

G2 E F  ;  t h u s  V
2
0
2  E  S
q
F  
E f t
q
7
( X
)  
,  
a n
d  
w
e  
h a
v e  
t
h
e  
d e
s i
r e
d

c o n t ra d ic t io n .

The fi r s t  s t e p  i s  t o  c o n s id e r  a  g ro u p  H  o f

min ima l o rd e r  among a l l  g ro u p s co n t a in e d  i n  X  b u t  n o t  i n

Sq(S 7vSTr')  S u c h  a n  H  m u s t  c l e a r l y  have  a  u n iq u e  ma xima l

norma l su b g ro u p ,  s a y  M  ,  a n d  a  u n iq u e  min ima l  n o rma l su b g ro u p ,

say P  .  L e t  p k  d e n o t e  t h e  o rd e r  o f  P  ,  w i t h  p  p r i m e .  S i n c e

H/P l i e s  i n  S q(S 7VS7 ' )  b u t  H  d o e s  n o t ,  p  q  ;  s i n c e

H E X C S S  b u t  H i t  S
7 1 .
„  w e  m u s t  
h a v e  
P 5  0
7 T
( H )  
,  
s o

p E  7  T h u s  i n  t u r n  we o b t a in  t h a t  0  ( H )  =  1  ,  0  (M)  =  1

M =  0
7
( M )  
x  
O
T T
,
( M
)  
,  
b
u
t  
a
l
s
o  
O
l
v
(
H
)  
=  
1  
O
v
(
H
)  
=  
1  
;  
s
o  
M

i s  a  7 -g ro u p .  A s  H  S
I T  ,  t h e  
p r i m e  
i n d e x ,  
s a y  
o f  
M  
i
n



H m u s t  l i e  i n  7 '  .  T h u s  H  h a s  n o  n o n t r i v i a l  7 -q u o t i e n t

wh i le  H / P  E S  q (
S  
v S  )  
,  
s o  
i n  
f a c
t  
H /
P  
E  
S  
q  
S
7
'  
I
t  
f o
l l
o w
s

7 7 '

t h a t  M / P E S n S
q S  :  
i n  
o t h e
r  
w o r d
s ,  
M /
P  
i s a
q -
g r o
u p

7

wh ich  ca n  o n l y  b e  n o n t r i v i a l  i f  q  E 7  .

I f  M / P  =  1  ,  we  may now p roceed  w i t h  t h e  c e n t r a l

step  a s  Kanes d i d  i n  t h e  ca se  q  S e t  G
2  =  H  a n d  W
2  a n yn o n t r i v i a l  i r r e d u c i b l e  FP-modu le .  F o r  G 1 t a k e  a  s e mid i re c t

p ro d u ct  o f  a n  e x t ra s p e c i a l  g ro u p  o f  o rd e r  p 2k1-1 and a  g ro u p  o f

o rd e r r  ,  t h e  l a t t e r  a c t i n g  o n  t h e  F r a t t i n i
-
q u o t i e n t  o f  t h e  
fi r s t
as a  S y lo w r-su b g ro u p  o f  H  a c t s  o n  t h e  d i r e c t  sum o f  P  w i t h

i t s  c o n t ra g re d ie n t ,  a n d  s o  t h a t  G
l  h a v e  c e n t r e  
o f  
o r d e r  
p  
.

The F r a t t i n i  q u o t i e n t  o f  G 1 i s  t h e n  a  s u b d i re c t  sq u a re  o f  H

and s o  l i e s  i n  t h e  me t a n i lp o t e n t  F i t t i n g  f o rma t io n

X n  H ( X )  n  S  P S r :  b y  Hawkes [ 6 ]  ( s e e  a l s o  B ryce  and  Cossey [ 2 ] ) ,

a l l  su ch  f o rma t io n s  a re  s a t u ra t e d ,  s o  G
1  X  n  H  
7 ( X )  
F a i t h f u l
i r r e d u c i b l e  modu les o f  e x t ra s p e c i a l  g ro u p s a re  i n v a r i a n t  u n d e r

group au tomorph isms wh ich  a c t  t r i v i a l l y  o n  t h e  c e n t re  (se e , Hu p p e rt

[ 7 ] ,  V . 1 6 . 1 4 ) :  h e n c e  a n y su ch  F O
I T
( G
1
) - m o d u l e  w i l l  
s e r v e  
a s  
1 4
1  
.

I t  i s  somewhat h a rd e r  t o  d e a l  w i t h  t h e  ca se  M / P  t  1

As n o t e d  a b o ve ,  i n  t h i s  ca se  q  E 7  ;  s o  0 ,
1 1 .
( H )  =  M  a n d  
r  
q  .

Let Q  b e  a  S y lo w q -su b g ro u p  o f  M  a n d  R  a  S y lo w r-su b g ro u p  o f

H :  b y  t h e  F r a t t i n i  a rg u me n t ,  R  c a n  b e  chosen t o  n o rma l ize  Q  .

As P Q  i s  t h e  o n l y  ma xima l n o rma l su b g ro u p ,  t h e  mu t u a l  commuta to r

subgroup [ Q ,  R ]  m u s t  t h e n  b e  Q  .  N o t e  a l s o  t h a t  t h e  c e n t r a l i z e r

C (Q )  m u s t  b e  t r i v i a l ,  e l s e  P  w o u l d  n o t  b e  t h e  o n l y  min ima lP



normal subg roup .

( \
so R  =  ( h )  ,  a n d  s e t  h  =  (h - 1  , h j  E  QR x  QR

5.

I f  [ P ,  R ]  <  P ,  s e t  G
l  =  H  .  
L e t  P
o  
b e  
a

maximal subg roup  o f  P  c o n t a i n i n g  [ P ,  R ]  ;  l e t  Q
o  b e  t h e
la rg e s t  subg roup  o f  Q  w h i c h  n o rma l ize s  P o a n d  a c t s  t r i v i a l l y

on P / P
o  .  
B y  
o
u r  
c h
o i
c e  
o
f  
P
o  
w
e  
k
n
o
w  
t
h
a
t  
P
o  
,  
a
n
d  
h
e
n
c
e

a lso  Q
0  ,  
i s  
n o
r m
a l i
z e
d  
b
y  
R  
;  
a
l
s
o
,  
P
0
Q
0  
i
s  
n
o
r
m
a
l  
i
n  
P
Q
0

Let W  b e  t h e  FM-module in d u ce d  f ro m a n y 1 -d ime n s io n a l1

F P Q
0
-
m o d
u l e  
W  
w
i
t
h  
k
e
r
n
e
l  
P
0
Q
0  
.  
T
h
e  
m
a
x
i
m
a
l  
c
h
o
i
c
e  
o
f  
Q
0

ensures t h a t  P Q
0  i s  
t h e  
" i n e r t
i a  
s u b g
r o u p
" .  
i
n  
M  
o
f  
t
h
e

r e s t r i c t i o n  o f  W  t o  P  ;  hence  W  i s  i r r e d u c i b l e .  A s  R  a c t s1

t r i v i a l l y  o n  P Q 0 /P0 Q0 w e  know t h a t  W  i s  R - i n v a r i a n t :  h e n c e

so i s  W  .  I t  f o l l o w s  t h a t  t h e  k e rn e l  o f  W  i s  n o rma l i n  G  ;1

as i t  does n o t  c o n t a in  P  ,  i t  mu st  b e  t r i v i a l .

I f  [ P ,  R ]  =  P  ,  we  c o n s t ru c t  G
i  a s  a  
g r o u p  
w h i c h

i s  l i k e  H  i n  e v e ry  re l e v a n t  re s p e c t  e xce p t  t h i s .  ( O f  co u rse

G1 w i l l  n o t  n e c e s s a r i l y  r e t a i n  t h e  min ima l  p ro p e r t y  o f  H

e i t h e r .  T h e  c o n s t ru c t i o n  w i l l  make n o  u se  o f  [ P ,  R ]  =  P  a n d

cou ld  b e  p e rfo rme d  i n  a n y ca se ;  t h e  o n l y  re a so n  f o r  h a n d l in g

[P, R ]  <  P a b o v e  s e p a ra t e ly  was t o  e x p l a i n ,  b e f o re  g e t t i n g

submerged i n  o t h e r  c o mp l i c a t io n s ,  j u s t  how t h e  p ro p e r t y  o f  G 1

co rrespond ing  t o  [ P ,  R ]  < P  w i l l  be  e x p l o i t e d . )  L e t  1  I E R

Q
l 
=
Q
x
Q
.  
Q
R
x
Q
R  
,  
R
1  
=  
(
h
i
)  
Q
R
x
Q
R  
:  
t
h
e
n  
Q
1
R
1  
i
s

normal i n  t h e  d i r e c t  p ro d u c t  Q R  x  QR ,  a n d  =  Q1

i s  e a sy  t o  v e r i f y .  W r i t e  P  #  P  f o r  P  e) P v i e w e d  a s  QR x  QR-

module, a n d  n o t e  t h e  f o l l o w i n g  f a c t s .  A s  Q R  x  1  o r  1  x  QR



b e fo re .

6.

module, P  #  P  i s  a  d i r e c t  sum o f  " i s o mo rp h ic  c o p ie s "  o f  P  .

I t  f o l l o w s  f ro m C  (Q )  =  1  a n d  Q  x  1  Q 1 t h a t  C  ( Q 1 ) =  1  .P P # P

On t h e  o t h e r  h a n d ,  C P#P (R1) >  1  ,  f o r  t h e  K ro n e cke r p ro d u c t  o f

a m a t r i x  and  i t s  i n v e rs e  mu st  have  a t  l e a s t  one  e ig e n va lu e  1  .

Now co n s id e r t h e  s e mi d i re c t  p ro d u c t  (P # P )(QRxQR) .  T h i s  i s  a

p ro d u ct  o f  t wo  n o rma l su b g ro u p s,  (P # P )(Q Rx 1 )  a n d  (P # P )(1 x Q R)

each o f  wh ich  i s  a  s u b d i re c t  p o we r o f  H  ;  t h e r e f o r e  i t  l i e s  i n

the F i t t i n g  f o rma t io n  X  n  H 7 (X )  C o n s e q u e n t l y ,  s o  does i t s

no rma l subg roup  ( P # P ) Q 1 R1 .  B y  Maschke ts Theorem, P  #  P  i s

co mp le te ly re d u c ib l e  a s  Q1R1-mo d u le :  s o  t h e  o b s e rv a t io n

CP#P (R1 ) >  1  a b o v e  y i e l d s  t h a t  P  i f  P  h a s  a n  i r r e d u c i b l e

Q1R1-submodule  P 1 s u c h  t h a t  C P
( R 1 )  >  
1  .  
L e t  S  
b e  
a

1

Q1R1-submodule comp lemen t ing  P 1 i n  P  #  P  ,  a n d  T  a  n o rma l

subgroup o f  (P # P )Q 1R1 m a x i m a l  w i t h  re sp e c t  t o  c o n t a in in g  S

bu t  a v o id in g  P
i  .  
W e  
s e t  
G
i  
=  
( P # P )
Q
1
R
1
/
T  
.  
C l
e a
r l
y ,  
P
i
T /
T

i s  o p e ra t o r- i s o mo rp h ic  t o  P 1 a n d  i s  b o t h  t h e  u n iq u e  S y lo w

p-subgroup a n d  t h e  u n iq u e  min ima l  n o rma l subg roup  o f  G
i  .  A s
C
p
l i
p
(
Q
1
)  
=  
1  
,  
w
e  
h
a
v
e  
[
p
i
,  
Q
i
]  
=  
P
i  
,  
s
o  
Q
i  
T  
;  
t
h
u
s  
b
y

R
1
]  
=  
Q
i  
w
e  
a
l
s
o  
h
a
v
e  
R
i  
$  
T  
.  
O
n  
t
h
e  
o
t
h
e
r  
h
a
n
d
,

C
p  
(
R
1
)  
>  
1  
e
n
s
u
r
e
s  
t
h
a
t  
[
P
T
/
T
.  
R
1
T
/
T
1  
<  
P
i
T
/
T  
.  
T
h
e
s
e  
f
a
c
t
s

1

guarantee t h a t  t h e  p re se n t  G
i  h a s  a l l  
t h e  
r e l e v a n t  
p r o p e r t
i e s

o f  t h e  G 1 o f  t h e  p re v io u s  p a ra g ra p h :  o n e  may choose  W 1 a s

To s i m p l i f y  t h e  d e s c r i p t i o n  o f  -
G
2  a n d  W
2  ,  
w e

change n o t a t i o n  s o  f ro m now o n  P ,  Q ,  R  w i l l  s t a n d  f o r  a p p ro p r ia t e

Sylow subgroups o f  G
i  .  I f  
P  
h a s  
a  
m a x i m
a l  
s u b g
r o u p  
P
2  
n
o
t
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co n ta in in g  a n y co n ju g a te  o f  [ P ,  R ]  ,  we  ca n  t a ke  G
2  =  G
iIndeed, i n  t h a t  ca se  l e t  W  b e  a  1 -d ime n s io n a l  FP-modu le  w i t h

ke rn e l  P
2  ,  
a n d  
W
2  
a
n
y  
i r r
e d
u c
i b
l e  
F
P
Q
-
m
o
d
u l
e  
w
h
o
s
e  
r
e
s
t
r
i
c
t
i
o
n

to  P  c o n t a i n s  W 2 ( t h a t  i s ,  a n y  i r r e d u c i b l e  q u o t ie n t  o f  t h e

PQ-module in d u ce d  f ro m W )  B y  i t s  c h o ic e ,  W  i s  n o t  i n v a r i a n t

under a n y co n ju g a te  o f  R  :  s o  t h e  number o f  iso mo rp h ism t y p e s

o f  G2-co n ju g a t e s  o f  W  i s  d i v i s i b l e  b y  r  I f  W 2 w e r e  G2-

i n v a r i a n t ,  t h e  s e t  o f  iso mo rp h ism t yp e s  o f  i r r e d u c i b l e  submodu les

o f  t h e  r e s t r i c t i o n  o f  W 2 P  w o u l d  be  G- i n v a r i a n t ;  i n  a n y

case, b y  C l i f f o r d ' s  Theorem, t h a t  s e t  i s  a  s i n g l e  Q - o r b i t :  t h u s

the  c a r d i n a l i t y  o f  t h i s  s e t  wo u ld  have  t o  b e  a  power o f  q

d i v i s i b l e  b y  r  .  A s  t h i s  i s  imp o s s ib le ,  W
2  i s  n o t  G
2
- i n v a r i a n t ,

and we a re  done .

I f  P  d o e s  n o t  have  su ch  a  ma xima l subg roup  P 2 '

we choose  G
2  
d i f f e r
e n t l y :  
n
o t  
a
s  
G
i  
,  
t
h
e  
s e
m i
d i
r e
c t  
p
r
o
d
u
c
t

o f  Q R  w i t h  t h e  QR-module P  ,  b u t  a s  t h e  s e mid i re c t  p ro d u c t  o f

QR w i t h  t h e  k - f o l d  d i r e c t  p o we r P
k  o f  t h i s  Q R -
m o d u l e .  
T h e n  
G
2

i s  a  s u b d i re c t  p o we r o f  G
i  ,  s o  i t  
l i e s  
i n  
t h e  
f o r m a t
i o n  
g e n e r
a t e d

by G 1 I f  we ca n  fi n d  a  ma xima l subgroup  P 2 i n  P k n o t

co n ta in in g  a n y  co n ju g a te  o f  L
k P  ,  P ]  ,  
w e  c a n  
c h o o s e  
W
2  
a s  
b e f o r
e .

Re ca l l  t h a t  k  w a s  chosen  s o  t h a t  P  i t s e l f  i s  t h e  k - f o l d  d i r e c t

power o f  a  g ro u p  C  o f  o rd e r  p  ;  i f  T
i
,  T
k  a r e  
t h e

co rrespond ing  c o o rd in a t e -p ro je c t i o n s  o f  P  o n t o  C  ,  t h e n  t h e

in t e rs e c t i o n  o f  t h e  k e rn e l s  o f  t h e se  homomorphisms i s  t r i v i a l .

Define  a  homomorphism T  f r o m  P k t o  C  b y

( x
l
,
k
)
(
1
)  
x
.
T
.  
;  
w
e  
c
l
a
i
m  
t
h
e  
k
e
r
n
e
l  
o
f  
T  
c
a
n  
s
e
r
v
e  
a
s

1 1



the  Theorem i s  co mp le te .

8.

P2 .  A s  [ P ,  R ]  $  1  ( e l s e  t h e  n o rma l  c l o s u re  o f  R  w h i c h

in c lu d e s Q  b e c a u s e  [ Q ,  R ]  =  Q ,  wo u ld  a l s o  a c t  t r i v i a l l y  o n

P ,  c o n t r a r y  t o  C ( Q )  =  1 ) ,  t o  e a ch  e le me n t  g  o f  Q R  t h e r e

i s  a n  in d e x  i ( g )  s u c h  t h a t  [ P ,  R i
g
( p .  $  
1  .  
A c c o r d i n g l y ,

l (g )

th e re  i s  a n  e le me n t  y
g  i n  P  
s u c h  
t h a t  
p
g
,  
h I p
i ( g )  
$  
I

(h e re ,  a s  b e f o re  ( h >  =  R ) .  L e t  z  b e  t h e  e le me n t  o f  P k

whose components a re  a l l  t r i v i a l  e xce p t  t h e  i (g )-co mp o n e n t  wh ic h

i s  y  :  t h e n  a l l  components o f  [ z g h
g
]  a r e  t r i v i a l  
e x c e p t

, .

the  i (g )-co mp o n e n t  wh ich  i s  [ 7  h
g
]  ,  s o

[ Z
g
,  
h
g
l
f
)  
=  
[
Y
g
,  
h
g
]  
i
(
g
)  
T
h
i
s  
s
h
o
w
s  
t
h
a
t  
[
P
k
,  
R
g
]

t h a t  i s ,  [ P k ,  ]  ,  i s  n o t  co n t a in e d  i n  P
2  ,  a n d  t h e  
p r o o f  o f

In  c o n c lu s io n ,  n o t e  t h a t  when q  =  2

7 =  { 2 ,  1 3 }  ,  a n d  X  =  S 13S
2
S
3  n  
Y 1 3 3  
w h e r e  
Y 1
3
3  
i s  
a s  
d e fi n
e d

in  t h e  p a p e r [ 1 ]  o f  B e rg e r and  Cossey,  t h e  s ma l l e s t  g ro u p  H  i n

X b u t  o u t s id e  S q(STrVS7 ' )  h a s  H / P  S L ( 2 ,  3 )  a n d  [ P ,  R ]  =  P
so t h e  h a rd  v e rs io n  o f  t h e  ca se  M / P  $  I  g e n u i n e l y  does a r i s e

and mu st  b e  coped w i t h .  O n  t h e  o t h e r  hand ,  when q  =  3 1  ,

= { 5 ,  3 1 }  ,  a n d  X  =  S
5
S
3 1
S
3  n  Y
5
3  ,  
w e  
fi n d  
t h a
t  
H /
P  
i
s  
t h
e

nonabe lian  g ro u p  o f  o rd e r  9 3  a n d  each  o f  t h e  3 1  m a x i m a l
.

subgroups o f  t h e  g ro u p  P  o f  o rd e r  5 3 I s  a  co n ju g a t e  o f  [ P ,  R ]

so t h e  e a sy  ch o ice  o f  0 2  i s  n o t  a lwa ys  a v a i l a b l e ,  e i t h e r .
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