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Let p  b e  a  p r ime ,  I F  t h e  a lg e b ra i c  c l o s u re  o f  t h e  fi e l d

o f  o rd e r  p  ,  a n d  G  t h e  g ro u p  S L ( 2 ,  1F) o f  a l l  2 - b y - 2  m a t r i c e s
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2 -d ime n sio n a l I F -sp a ce  V  w i t h  b a s is  { x ,  y }  .  T h i s  p a p e r *  i s

concerned w i t h  t h e  s ma l l e s t  c l a s s  M  o f  ( fi n i t e  d ime n s io n a l ,  r i g h t )

G-modules ( o v e r  1 F)  w h i c h  co n t a in s  V  a n d  i s  c lo s e d  u n d e r t a k i n g

iso mo rp h ic c o p ie s ,  ( fi n i t e )  d i r e c t  sums and  t e n s o r  p ro d u c t s ,

co mp o sit io n  f a c t o r s ,  a n d  d i r e c t  summands. I n  o t h e r  wo rd s ,  we  a re

in t e re s t e d  i n  t h e  co mp o s i t io n  f a c t o r s  o f  t h e  t e n s o r  powers o f  V  ,

and i n  t h e  indecomposab le  d i r e c t  summands o f  t h e  t e n s o r  p ro d u c t s  o f

these i r r e d u c i b l e s  ( M  c o n s i s t s  o f  t h e  d i r e c t  sums o f  t h e se

indecomposab les).  T h e  i n f o rma t i o n  o b t a in e d  i s  t h e n  used  t o  d e s c r ib e

the  indecomposab le  d i r e c t  summands o f  t h e  t e n s o r  p ro d u c t s  o f  a l l  t h e

i r re d u c i b l e  modu les ( o v e r  I F )  f o r  t h e  fi n i t e  g ro u p s  S L ( 2 ,

p resented  ( o m i t t i n g  s e c t io n s  4  and  5 )  a t  t h e  Second A u s t ra la s ia n

Mathematics Co n ve n t io n  h e ld  a t  t h e  U n i v e r s i t y  o f  Sydney,  1 0 -1 4  May 1981 .
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G - a c t i o n  o n  W ( p )  b y  s e t t i n g

e  V =  UU
p
-
1  
P

g  =  g
( P )  
=

1 J

v e r s i o n s  o f  mo d u l e s  i n  M  a r e  i n  M

w( p ) g  =  ( w g ( p ) ) ( p )

i s  a n  a u t o mo r p h i s m o f  G  I f  W  i s  a n y  G - m o d u l e ,  l e t  b e

( p )  I  w  ,  a n o t h e r  c o p y  o f  t h e  v e c t o r s p a c e  W  w r i t t e n  s o  t h a t

w i s  a  v e c t o r s p a c e  i s o mo r p h i s m W  W ( p )  ,  a n d  d e fi n e  a

The r e s u l t i n g  G - m o d u l e  W
( P )  i s  
s a i d  
t o  
b e  
a  
t w i s t e
d  
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o n  
o
f

W R e p e a t e d  t w i s t i n g  l e a d s  t o  t h e  G - m o d u l e s  W ( p  )  ,  o n e  f o r  e a c h

p o s i t i v e  i n t e g e r  k  ;  a d d  t o  t h i s  d e fi n i t i o n  t h e  c o n v e n t i o n  t h a t
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2.

There  a r e  2 p  -  I  d i s t i n g u i s h e d  mo d u l e s ,  l a b e l l e d
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i n  M  T h e  f o l l o w i n g  i n f o r m a t i o n  c a n  s e r v e  a s  t h e i r  d e fi n i t i o n  h e r e :
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e ) V  =  C O U  i f  p  >  2
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(p)A lso ,  U  e  V =  U  ( U  e m  )

i f  p  1  a  2 p  -  3

I f  0 a 5 p -
.
l ,  
t h e n  
d i
m  
U
a  
= a
-
F 1  
a
n
d  
U
a  
i
s

i r r e d u c i b l e .  I f  p  :5_ a  2 p  -  2  ,  t h e n  d i m  U a =  2 p  a n d  U a h a s  a

u n i q u e  c o mp o s i t i o n  s e r i e s ,  w i t h  c o m p o s i t i o n  f a c t o r s  i s o m o r p h i c  t o

(p)
u2 p - 2 - a  ' a - p  O  U1 , 2 p - 2 - a  ( i n  t h a t  o r d e r ) .  W e  s h a l l  a l s o

need t h e  t w i s t e d  v e r s i o n s  o f  t h e s e  mo d u l e s :  t o  e a s e  n o t a t i o n ,  w r i t e

( k
)U( a ,  k )  f o r  U ʻ

P  .
a

Co n s i d e r  a l l  s e q u e n c e s  a  =  ( a 0 '  a 1 '  a . ,  . . . )  o f

3.

i n t e g e r s s u c h t l i a t o r a l l i c a n d a . = 0  f o r

a l mo s t  a l l  i  .  F o r  e a c h  a  ,  s e t  U
a  =  U ( a . ,  i )  
n o t e  
t h i s  
i s

r e a l l y  a  fi n i t e  p r o d u c t ,  f o r  t h e  f a c t o r s  U ( 0 ,  i )  a r e  1 - d i m e n s i o n a l

t r i v i a l s  a n d  t h e r e f o r e  i r r e l e v a n t .  C a l l  U  t h i n  i f  a .a • p
-  
1f o r a l l i , a n d f a t i f t h e r e i s a n m s u c h t h a t e  -  1  f o r

i  <  m a n d  a .  =  0  f o r  i  m  .  I t  i s  c l e a r  f r o m  t h e  d e s c r i p t i o n  o f

t h e  c o m p o s i t i o n  s t r u c t u r e  o f  t h e  V a a b o v e  t h a t  e a c h  U a  c o n t a i n s

an i s o m o r p h i c  c o p y  o f  a  p a r t i c u l a r  t h i n  o n e ,  n a me l y  o f  U a - where

t h e  s e q u e n c e  a -  =  ( a 0 '  a 1 '  . . . )  i s  d e fi n e d  b y

-
a .  =

a.  i f  a .  5_ p  -  1

{  
2
p  - 2 -  
a .  
i
f  
a
.  
p  
-  
l  
.

S i m i l a r l y ,  o n e  s e e s  t h a t  u
a  m a p s  
h o m o m o r p h i c
a l l y  
o n t o

t h a t  e a c h  U a i s  c o n t a i n e d  i n  ( i n fi n i t e l y )  m a n y  f a t  o n e s .

, a n d



if  p > 2, while if  p = 2 then  U_2 \otimes V is
U_1 \oplus U_1 \oplus (U_1 \otimes (U_1)^{(2)}).



a t t e n t io n .

I  am g r a t e f u l  t o  D r  R.W. Rich a rd so n  f o r  d ra win g  i t  t o  my

4.

The imp e t u s  f o r  t h e  fi n a l  ( a n d  s t i l l  somewhat t e n t a t i v e )

phase o f  t h e  wo rk  h e re  re p o r t e d  came f ro m a  re c e n t  p r e p r i n t *  b y

Andersen, Jf6 rgensen, a n d  L a n d ro ck [ 3 ] .  T h e y  co n s id e re d  t h e  f a t  U
a
and d e te rmin e d  t h e  Loewy s t r u c t u r e  o f  t h e se  modu les.  W h a t  we need

here i s  t h a t  a  f a t  U a h a s  n o  o t h e r  min ima l  submodule  t h a n  t h e  co p y

o f  U a - w e  a l re a d y  o b se rve d .  A s  e a ch  U a i s  co n t a in e d  i n  some f a t

one, t h i s  mu st  t h e n  h o ld  f o r  a l l  U
o i  ;  i n  
p a r t i c u l a r ,  
e a c h  
U
c t  
i s

indecomposable. ( T h e  i r r e d u c i b i l i t y  o f  t h e  t h i n  U
a  i  o f  c o u r s e  
ave ry  s p e c i a l  ca se  o f  S t e in b e rg ' s  c e le b ra t e d  " t w i t t e d  t e n s o r  p ro d u c t "

theorem, b u t  we d o  n o t  need t o  a p p e a l t o  t h a t . ) ,  F r o m  t h e  d e fi n i n g

d e s c r ip t i o n  a bove ,  o n e  ca n  a l s o  se e  t h a t  each  co mp o s i t io n  f a c t o r  o f

each U a i s  a  t h i n  o n e ,  a n d  ca n  a c t u a l l y  c a l c u l a t e  t h e  J o rd a n -Ha d e r

m u l t i p l i c i t i e s :  h o w  many f a c t o r s  o f  a  co mp o s i t io n  s e r i e s  o f  U a a r e

iso mo rp h ic  t o  a  p a r t i c u l a r  t h i n  modu le .  ( I n d e e d ,  t h e  methods o f  [ 3 ]

shou ld  y i e l d  t h e  f u l l  Loewy s t r u c t u r e  o f  e a ch  U  • )  M o r e o v e r ;  t h e

indecomposable d i r e c t  summands o f  U
a  e  U  a r e  
i s o m o r p h i c  
t o  
v a r i o u s

, a n d  one  ca n  c a l c u l a t e  t h e  K ru l l -S c h mi d t  m u l t i p l i c i t i e s :  h o w  many

summands o f  a n  u n re fi n a b le  d i r e c t  d e co mp o sit io n  o f  U a ®  U a r e

iso mo rp h ic  t o  a  p a r t i c u l a r  U  .  C l e a r l y ,  t h e  indecomposab les i n  M



are p r e c i s e l y  t h e  U a • ( A n  i n t e r e s t i n g  in t e rme d ia t e  r e s u l t  o f  [ 3 ]

a sse rt s  t h a t  t h e  f a t  U a w i t h  a  fi x e d  m  a r e  i n j e c t i v e  i n  t h e

ca tego ry o f  t h o se  G -mo d u le s  whose co mp o s i t io n  f a c t o r s  a re  a l l  t h i n
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a lso  t h e  U a ,  a r e  a l l  s e l f - c o n t ra g ra d ie n t .

su b je c t ,  t h e  U
a  w h i c h  
m a t t
e r  
a r
e  
t h
e  
a l
m o
s t  
f
a
t  
o
n
e
s :  
t
h
e
s
e

correspond t o  t h e  sequences a  s u c h  t h a t  f o r  some m  ( =  m(a ) )

The a lmo s t  f a t  modu les ca n  b e  c o n v e n ie n t ly  in d e xe d  b y  t h e  n o n n e g a t ive

i n t e g e r s a o b t a i n e d a s a = a = Y a . p
a
r  .  I n d e e d ,  
i f  a  
i s  
a n y

nonnegative  i n t e g e r ,  choose  m  ( =  m(a ) )  s o  t h a t  p
m  5  a  1  <  p
m - / - 1and w r i t e  a '  =  a  +  1  -  p
m  =  a .  
w i t h  
0  
<  
a '  
5  
p  
-  
1  
f o
r  
a l
l  
i

then

2.

For t h e  a p p l i c a t i o n  wh ich  mo t iva t e d  my i n t e r e s t  i n  t h e•

a . p
- 1  
f
o
r  
i  
<  
m  
,

am <  p  -  1  ,  a n d

a. =  0  f o r  i  >  m .

a '  ( 1 )
- 1 -
h a
t '  
p -
l -
F a
'  
'  
a
'
e  
0
,  
0
,  
.
.
.
)

0 m - 1  r

i s  t h e  u n iq u e  a lmo s t  f a t  sequence w i t h  &  =  a  .  ( F o r  a  _5_ 2 p  -  2

5.

t h i s  i s  c o n s i s t e n t  w i t h  o u r  n o t a t i o n  so  f a r .  T h e  ana logue  o f  t h e

in t e rme d ia t e  r e s u l t  o f  [ 3 ]  i s  t h a t  t h e  U  w i t h  m ( a )  =  m fi x e d  a r ea



i n j e c t i v e  a n d  p r o j e c t i v e  i n  t h e  c a t e g o r y  o f  t h o s e  G - m o d u l e s  wh o s e

c o m p o s i t i o n f a c t o r s a r e a l l t h i n U w i t h 1 3 . = 0  f o r  i  >  m . )

The r e l e v a n c e  o f  t h e  ( a l m o s t  f a t )  U a i s  t h a t  t h e y  a r e

p r e c i s e l y  t h e  i n d e c o mp o s a h l e  d i r e c t  s ummands  o f  t h e  t e n s o r  p o we r s  o f

V i t s e l f :  i n d e e d ,

(K)
1 i f  b  =  a

, ( )  P ( a b )  w i t h  K ( a ,  h )  =
0 i f  b  >  a  .

W r i t e  a  t o  b a s e  p  ,  a s  a  -= a
i
p
i  w i t h  0  
A
i  p  
-  
1  
f o r  
a l l

i  ,  a n d  s e t  a *  =  ( a 0 '  a 1 '  . . . )  ;  c l e a r l y ,  e a c h , t h i n  U  i s  a  U a *

( w a l l  a  := ( Y - P
i
)  .  
W e  
a l s o  
h a v
e  
t h
a t

6.

eac h U b h a s  t h e  s ame J o r d a n - H6 1 d e r  m u l t i p l i c i t i e s  a s  a  s u i t a b l e

(LI) 0 . 1 ( 1 ) , c )
c *

fi  i f  c  =  b
w i t h  J ( b ,  c )  =

0 i f  c  >  b

The r e s u l t s  i l l u s t r a t e  t h a t  w h i l e  t h e  c a l c u l a t i o n  o f

m u l t i p l i c i t i e s  i n  M  d o e s  n o t  s eem c a p a b l e  o f  b e i n g  e x p r e s s e d

c l o s e d  f o r m u l a s ,  i t s  a l g o r i t h m i c  n a t u r e  i s  s u c h  t h a t  s ome o v e r a l l

c o n c l u s i o n s  c a n  s t i l l  b e  d r a wn .  T h e  f a c t  t h a t  t h e  i n fi n i t e  m a t r i x

i s  u n i t r i a n g u l a r  means  n o t  o n l y  t h a t  i t  h a s  a n  i n v e r s e  ( w i t h  i n t e g e r

e n t r i e s ) ,  b u t  a l s o  t h a t  i t s  i n v e r s e  i s  r e a d i l y  a c c e s s i b l e  t o

a l g o r i t h m i c  c a l c u l a t i o n .  L e t  me p u t  t h i s  y e t  a n o t h e r  wa y .  W r i t e  L

f o r  t h e  c l a s s  o f  d i r e c t  s ums  o f  d i r e c t  s ummands  o f  t e n s o r  p o we r s  o f  V  .

I f  two modules i n  L  h a v e  t he  same Jordan-H5lder  m u l t i p l i c i t i e s ,  t hey

must b e  is o mo rp h ic  ( t h i s  i s  c l e a r l y  f a l s e  i n  t h e  l a r g e r  c l a s s  M )  ,

and t h e i r  (common) Kr u ll- Sc hmidt  m u l t i p l i c i t i e s  can be a c t u a l ly



c alc ulated, w i t h  the  he lp  o f  J  f r o m  the Jordan-H61der

m u l t i p l i c i t i e s .  T h i s  was co n je c t u re d  b y  Schooneve ld t  i n  h i s

re ce n t  t h e s i s  [ 8 ] ,  a n d  p ro ve d  u n d e r t h e  r e s t r i c t i o n  a  <  p 2

but h e  misse d  t h e  t w i s t e d  t e n s o r  f a c t o r i z a t i o n  o f  t h e  r e l e v a n t

indecomposables, wh ic h  i s  t h e  k e y  t o  t h e  p ro o f  i n  g e n e ra l .  I

s h a l l  sa y  more  a b o u t  h i s  wo rk  i n  t h e  l a s t  s e c t i o n .

and ( J )  .  F o r  t h e  fi r s t ,  i t  i s  c l e a r l y  s u f fi c i e n t  t o  show t h a t

Tk (a , b )
U
a  
e  
V  
=
b

Th is i s  done  b y  i n d u c t i o n  o n  m ( a )  ,  t h e  ca se  m ( a )  =  O b e i n g  p a r t

o f  t h e  d e fi n i t i o n  o f  t h e  U a •  S o  suppose m ( a )  >  O ,  a n d  d e fi n e

the  i n t e g e r  d  b y

e q u iv a le n t l y ,

Before  moving  o n ,  l e t  me i n d i c a t e  t h e  p ro o f s  o f  ( K )

a <  p  -  1  ,  we  have0

( d + l - p
m - l
) p  
=  
a '  
-  
a
t  
•

0 '

P(d+1) =  a  +  -  a ;  .

(p)
C le a r l y ,  m ( d )  =  m(a )  -  1  ,  a n d  U a =  U ( p - l + a ; ,  0 )  e  U
d  I f

U
a  
e  
V  
=  
U
(
p
-
l
+
a
e  
0
)  
e  
V  
e  
U
(
p
)

= [ U ( p - l + a ; - 1 ,

{  1 i f  b  =  a  +  1  ,
w i t h  k ( a ,  b )  =  -

0 i f  b  >  a  +  1  .

pd +  ( p - l + a ; )  =  a

•

0-3(p-1-hat-LI, 0 ) ]  u (p)0

7.



where

e 4

"0

2

1

i f

i f

i f

a j
)
a 0

2

=

= 1

a '0

,

(so p  >  2 )

p -  2

O U a+1

and we a re  done .  T h e  i n d u c t i v e  h yp o t h e s is  ( a p p l i e d  t o  U
d
)  i s  n e e d e do n ly  when a '  =  p  -  1  ;  i n  t h a t  ca se ,0

U
a  
e  
V  
=  
U
(
2
p
-
2
,  
0
)  
e  
V  
e  
U
(
p
)

= N (2 p - -3 ,  0 )6 [ U(p --1 ,  0 ) e v
(
P
)
] }  u
d
(
P
)

= Ua-1  e  [ U ( p -
1 ,  0 ) e
( U d
g i )
( p
)

= ( )  [ U ( p -
i ,  0 ) e u
( p )
]
E Y
( d
'
c
)

a-1  c

...e<(d,c)u e a  u- •
a-1 c

8.

From t h e  l a s t  e q u iv a le n t  o f  t h e  d e fi n i t i o n  o f  d  ,  re a d  w i t h

a ' =  p  -  1  ,  we  se e  t h a t  p  -  1  +p c a  1  i f  and  o n l y  i f0

c d  +  1  ,  s o  t h e  i n d u c t i v e  h yp o t h e s is  does in d e e d  g i v e  wh a t  we  need .

The p r o o f  o f  ( J )  f o l l o w s  t h e  same p a t t e rn :  o n e  shows b y

in d u c t io n  o n  c  t h a t  t h e  Jo rd a n -H5 1 d e r m u l t i p l i c i t y  j ( c ,  d )  o f  U d * •
in Uc• e V is 1 if d =e + 1 and 0 if d > e + 1 . Detailsare  l e f t  t o  t h e  re a d e r .
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9.

Next ,  s e t  H  =  S L (2 ,  p
n
)  <  
G  .  
W e  
s h a l l  
b e  
c o n c e
r n e d  
w i
t h

the F H
-
m o d u
l e s  
o b
t a i
n e
d  
f
r
o
m  
t
h
e  
r e
s t
r i
c t
i o
n  
V
4
,
H  
i
n  
t
h
e  
s
a
m
e  
w
a
y  
a
s

the U  w e r e  o b t a in e d  f ro m V  .  T w i s t i n g  i s  s t i l l  a v a i l a b l e ,  b u t  i ta

i s  now a n  o p e ra t io n  w i t h  p e r io d  n  .  I t  i s  t h e re f o re  co n ve n ie n t  t o

co n sid e r fi n i t e  sequences a  =  ( a 0 '  . . . ,  a n -1 ) :  c o n t i n u i n g  su ch  a

sequence w i t h  a l l  f u r t h e r  t e rms  0  p r o v i d e s  t h e  co n n e ct io n  w i t h  t h e

fo re g o in g .  F o r  O  a  2 p  -  2  a n d  s e t

V(a, i )  =  U (a ,  ,  a n d  V
a  =  e  V ( a
i
,  i )  
e x c e p t  
t h a t

V i s  d e fin e d  i n s t e a d  b y(2 p -2 , . . . , 2 p -2 )

O V (2 p -2 ,  i )  =  V ( 2 p - 2 , . . . , 2 p - 2 )  E) ( g / ( p - 1 ,  i ) )  .

F a t s t i a l I n o w n l e a r i a . ?
.
_ p  -  1  
f o r  
a l l  
i  
.  
T h e  
t h i
n  
•
V
a  
f o
r m  
a

complete s e t  o f  re p re s e n t a t iv e s  o f  t h e  iso mo rp h ism t yp e s  o f  t h e  p n

i r re d u c i b l e  TH-mo d u le s .  S i m i l a r l y ,  t h e  f a t  V a a r e  t h e  p r i n c i p a l

indecomposables. E a c h  V a h a s  a  u n iq u e  min ima l  submodu le ,  i s o mo rp h ic

to  V a - ; i n  p a r t i c u l a r ,  a l l  t h e  V a a r e  indecomposab les.  T h e i r

Jordan-HZ;lder m u l t i p l i c i t i e s  ca n  be  r e a d i l y  c a l c u la t e d  f ro m t h e

in f o rma t io n  g i v e n  above ( t h o s e  o f  t h e  f a t  V a f o r m  t h e  Ca rt a n  m a t r i x ) .

Indeed, t h e  f u l l  Loewy s t r u c t u re  o f  t h e  f a t  V
a  i s  d e t e r m i n e d  
i n  [ 3 ] ,and t h e  same sh o u ld  b e  d o a b le  f o r  a l l  t h e  V a T h e  indecomposab le

d i r e c t  summands o f  t h e  V a e \
,
1
3  a r e  
i s o m o r p h i c  
t o  
v a r i o u
s  
V  
,  
a n
d

the K ru l l -S c h mid t  m u l t i p l i c i t i e s  ca n  a l s o  b e  c o n v e n ie n t ly  c a l c u la t e d .

Thus t h e  V a a r e  p r e c i s e l y  t h e  ( 2 p - 1 ) n  " i r r e d u c i b l y  g e n e ra te d "

.
i
n
d
e
c
o
m
p
o
s
a
b
l
e
s
:  
t
h
e  
i
n
d
e
c
o
m
p
o
s
a
b
l
e  
d
i
r
e
c
t  
s
u
m
m
a
n
d
s  
o
f  
t
h
e  
t
e
n
s
o
r



p ro d u cts o f  t h e  i r r e d u c i b l e s .

For p  =  2  ,  t h e s e  r e s u l t s  g o  b a ck t o  A l p e r i n  [ 1 ] ,  [ 2 ] .

In  t h a t  ca se  2 p  -  2  =  2  ,  s o  t h e  b u i l d i n g  b lo c k s  a re  j u s t  t h e  t r i v i a l

V(0 ,  0 )  ,  t h e  n a t u r a l  V ( 1 ,  0 )  ,  a n d  t h e  t e n s o r  sq u a re  V ( 2 ,  0 )  o f

the l a t t e r ,  s o  i n  f a c t  a l l  t h e  i r r e d u c i b l y  g e n e ra te d  indecomposab les

a re  t e n s o r  p ro d u c t s  o f  t w i s t e d  f o rms  o f  t h e  n a t u ra l  modu le .  T h e

maximum o f  t h e  Loewy le n g t h s  o f  t h e se  indecomposab les was. de te rmined

by A l p e r i n ,  b u t  f o r  t h e i r  d e t a i l e d  Loewy s t r u c t u r e  one h a s t o  g o  t o
-

[ 3 ]  e ve n  when p  =  2  .  A l p e r i n  co n je c t u re d  t h a t ,  f o r  a n y p  a n d  f o r

any fi n i t e  g ro u p  H  w i t h  a b e l ia n  S ylo w p -s u b g ro u p s ,  t h e re  a re  o n l y

fi n i t e l y  many i r r e d u c i b l y  g e n e ra te d  indecomposab les o v e r  F  :  t h i s

i s  now co n fi rme d  f o r  H  =  S L (2 ,  p
n
)

4.

The a lg o r i t h ms  f o r  c a l c u l a t i n g  m u l t i p l i c i t i e s  c o n s i s t

1
0
.

e s s e n t i a l l y  o f  m u l t i p l y i n g  p o lyn o mia ls  ( w i t h  i n t e g e r  c o e f fi c i e n t s )  a n d

changing bases i n  f r e e  a b e l ia n  g ro u p s.  M u c h  o f  t h i s  ca n  b e  g iv e n  a

co n ce p tu a l ly  p le a s in g  e xp re ss io n ,  a s  was done  b y  A l p e r i n  f o r  p  =  2  .

We s h a l l  c o n s id e r  t wo  co mmu ta t ive  r i n g s .  T h e  fi r s t  i s  t h e  su b r i r : :
-
o f  t h e  Green  r i n g  o f  F H  g e n e ra t e d  b y  ( t h e  iso mo rp h ism t yp e s  o f )  t h e

Va .  A d d i t i v e l y ,  t h i s  i s  a  f r e e  a b e l ia n  g ro u p  w i t h  t h e  s e t  o f  t h e

Va a s  a  b a s i s ;  m u l t i p l i c a t i o n  i s  d e fi n e d  b y

VaV(3 =  m ( a ,  f3 ,  y ) v y

where t h e  m ( a ,  -
1 ( )  a r e  
t h e  
K r u l l -
S c h m i d
t  
m u l t i
p l i c i
t i e s :



0
,
1
(
a  
y
)

v
a  
V 
e
y  
"

The r i n g  ca n  a l s o  b e  g e n e ra te d  (a s  r i n g )  b y  t h e  V ( 1 ,  i )  w i t h

0 5_ i  n  -  1  ,  wh ich  we deno te  b y  x
i  .  I n  t e r m s  
o f  
t h e s e ,  
t h e  
r i n g

may b e  d e fi n e d  ( a s  q u o t i e n t  o f  t h e  p o lyn o mia l  r i n g  i n  t h e  x i  o v e r

ZZ) b y  t h e  f o l l o w i n g  n  r e l a t i o n s  (o n e  f o r  each v a lu e  o f

{
)
‹
.  
(
-
1
)
1

11-1

o p p o site  d i r e c t i o n ,  we  have

' p - j )  ( _  )
k  p - l - k )
x
p - 1 - 2 k  
=  
o

s j  s  j - 1  _
x
i  
kwhere x n i s  t o  b e  re a d  a s  x 0 I n  p a r t i c u l a r , .  the r i n g  h a s a s

ano the r a d d i t i v e  b a s i s  t h e  s e t  o f  ( t h e  co se t s  o f )  t h e  monomia ls whose

degree i n  each  in d e t e rmin a t e  i s  a t  mo st  2 p  -  2  .  T h e  change o f  b a s i s

in  one  d i r e c t i o n  i s  g i v e n  b y

V(
a
,  
i
)  
(  
1
)
1
(  
{
a
-
k

k

V (p - l+ a ,  i )  =  ( - 1 )
i

a -2kx.

a - j

whenever 0  a  p  -  1  ,  a n d  V
a  =  e  V ( a
i
,  i )  
u n l e s s  
a
i  
=  
2 p  
-  
2

f o r  a l l  i  i n  wh ich  ca se  V a =  TIV(2p-2 ,  i )  -  T I V (p -
1 ,  i )  .  I n  t h e

= [ - J [ . a -1 ]1V(a- ,  i )  +
a a

s
j
+
p
i  
[
j
+
p
-
1
)
_

and

a - j - l
i
x
a
-
2 j
v
( p
_
1
,  
i
)

V (a -2 j ,  i )

whenever 0  5_ a  2 p  -  2  ;  t h e  fi r s t  su m b e in g  o v e r  t h e  j  s u c h  t h a t

O a  -  2 j  a  a n d  t h e  second o v e r  t h e  j  s u c h  t h a t

2p -  2  -  a  a  -  2 j  p  -  2  .  T o  c a l c u l a t e  .
m ( a ,  y )  ,  
fi r s t  o n e

11.

e x p r e s s e s V
o t
a n d V i n t e r m
s o f t h e x . . ,  
t h
e n  
o n
e  
c a l
c u l
a t e
s  
t
h
e

a.

p ro d u ct  V aV12, u s i n g  t h e  d e fi n i n g  r e l a t i o n s  g i v e n  i n  t e rms  o f  t h e  x .



here  \otimes
should be  \Pi





to  e xp re ss  t h e  r e s u l t  so  a s  t o  i n v o l v e  o n l y  monomia ls o f  deg ree  a t  mo st

2p -  2  i n  each  in d e t e rmin a t e ,  a n d  fi n a l l y  o n e  co n ve rt s  t h e  r e s u l t  b a ck

to  t h e  b a s i s  c o n s i s t i n g  o f  t h e  V  .  S i m i l a r l y ,  o n e  ca n  e xp re ss  U a H

( f o r  each  i n fi n i t e  sequence  a )  i n  t e rms  o f  t h e  V  b y  u s in g  t h a t

U(a ,  V (  a, i ' )  w h e r e  j i s  t h e  re ma in d e r o f  i  u p o n  d i v i s i o n

by

The second  r i n g  h a s a n  a d d i t i v e  b a s i s  t h e  s e t  o f  ( t h e

12.

isomorph ism t yp e s  o f )  t h e  t h i n  V
a  ,  a n d  i t s  
m u l t i p l i c a t i o
n  
i s  
d e fi n e
d  
b y

VaVfi =  y ) V

where h ( a ,  y )  i s  t h e  J o rd a n -Ha d e r  m u l t i p l i c i t y  o f  V  i n

V
a  
e  
V
.  
T
h
i
s  
r
i
n
g  
i
s  
a
l
s
o  
g
e
n
e
r
a
t
e
d  
(
a
s  
r
i
n
g
)  
b
y  
t
h
e  
V
(
1
,  
i
)  
,  
w
h
i
c
h

P.

we now deno te  b y  y
i  .  I n  
t e r m s  
o f  
t h e s
e ,  
t h
e  
r i
n g  
m
a
y  
b
e  
d e
fi n
e d  
b
y

the n  r e l a t i o n s

y.  =  ( - 1 )
1

11-1 p - j  p - 1 - 1 1 -
p -2 jYj  j - 1

where y n i s  t o  b e  re a d  a s  y o ( t h u s  i n  f a c t  t h i s  r i n g  i s  g e rfe ra te d  b y

yo a l o n e ) .  T h e  monomia ls whose deg ree  i n  each  in d e t e rmin a t e  i s  a t  mo st

p -  1  f r o m  a n o t h e r a d d i t i v e  b a s i s ;  we  have

V(a ,  i )  =  X  ( - 1 ) k ( a - k )  a - 2 kk Y i  w h e n e v e r  0  <  a  <  -  1

and V a =  I I V (a
i
,  i )  
f o r  
e a c
h  
t h i
n  
V
a  
,  
t
o  
g
i v
e  
u
s  
t
h
e  
c
h
a
n
g
e  
o
f  
b
a
s
i
s

in  one  d i r e c t i o n ;  a n d  i n  t h e  o t h e r ,

aa  a  -
Y
i  
=  
[
L
)
-
(
j
-
l
t
.

V(a -2 j ,  i ) f o r  0  a  p  -



wi t h  summat ion  o v e r  a l l  i  s u c h  t h a t  0  2 j  a  .  C l e a r l y ,

x.  y .  i s  a  r i n g  homomorphism; t h e  m a t r i x  d e s c r ib in g  i t  i n  t e rms

13.

o f  t h e  o r i g i n a l  a d d i t i v e  bases y i e l d s  t h e  co n ve rs io n  f ro m K ru l l -S c h mid t

m u l t i p l i c i t i e s  t o  Jo rdan -H51de r m u l t i p l i c i t i e s ,  i n . t h e  same sense  a s

J d i d  i n  L .

5.

The r e s u l t s  co n ce rn in g  G  ,  f r o m  wh ic i l  t h o se  f o r  H  a r e

d e rive d ,  n a t u r a l l y  have  t h e i r  i n s p i r a t i o n  i n  t h e  t h e o ry  o f  a l g e b ra i c

groups. A  ke y  c o n t r i b u t i o n  f ro m t h a t  c o n t e x t  i s  C l i n e ' s  th e o re m [ S ]

on E x t 1(U'  )  f o r  t h i n  U a '  U (3. •  T h i s  i s  re -p ro v e d  i n  t h eG a

Andersen, J$ rg e n se n ,  L a n d ro ck p r e p r i n t  [ 3 ] :  b y  c o n t ra s t ,  t h e i r  wo rk

i s  e s s e n t i a l l y  ba re -handed ,  e xce p t  f o r  t wo  lemmas wh ich  s t i l l  r e l y  o n

the a lg e b ra i c  n a t u re  o f  C  ( i n  u s in g  i n fi n i t e s i m a l  a rg u me n t s ).  I

b e l ie ve  I  ca n  re p la c e  t h e se  b y  a  ba re -handed  p ro o f  o f  C l i n e ' s  r e s u l t ,

.wh ich  i s  p e rh a p s b e s t  e xp re sse d  i n  t h e  f o l l o w i n g  t e rms .

Ca l l  a  modu le  s h o r t  u n i s e r i a l  i f  i t  h a s p r e c i s e l y  one

p rope r nonze ro  submodu le :  t h a t  i s ,  i f  i t  i s  a  n o n - s p l i t  e x t e n s io n  o f

one i r r e d u c i b l e  b y  a n o t h e r.  T h e  r e s u l t  g i v e s  a l l  s h o r t  u n i s e r i a l

C-modules w i t h  t h i n  co mp o s i t io n  f a c t o r s ,  a s  t w i s t e d  t e n s o r  p ro d u c t s .

To t h i s  e n d ,  we  need some f u r t h e r  b u i l d i n g  b l o c k s .  L e t  I q x ,  y ]  b e

the p o lyn o mia l  r i n g  o v e r  I F  i n  t wo  (co mmu t in g ) in d e t e rmin a t e s ,  a n d

l e t  G  a c t  o n  l q x ,  y ]  b y  l i n e a r  homogeneous s u b s t i t u t i o n s : .

(
x
i
Y
i
)
g 
= 
(
g
1
1
"
g
1
2
0
i
(
g
2
1
"
g
2
2
0
3 
•



1
1
4
.

The sp a ce  W
d  o f  
a l l  
h o m o
g e n e
o u s  
p o l
y n o
m i a
l s  
o
f  
d
e
g
r
e
e  
d  
i
s  
t
h
e
n  
a

G-module ( o f  d ime n sio n  d  +  1 )  ,  f o r  each  n o n n e g a t ive  i n t e g e r  d

These a re  known a s  ( t h e  d u a ls  o f )  t h e  We yl modu les o f  G  ;  t h e i r  s u b -

module s t r u c t u r e  h a s been co mp le t e ly  d e sc r ib e d  b y  C a r t e r  and  C l i n e  [ 4 ]

(see a l s o  C l i n e  [ 6 ] ,  D e r i z i o t i s  [ 7 ] ,  Sch o o n e ve ld t  [ 8 ] ;  t h i s  ca n  a l s o  b e

done w i t h  b a re  h a n d s).  T h e  W d w i t h  a r e  i r r e d u c i b l e :

in  t h i s  ca se ,  W dd  .  F o r  t h e  s e q u e l ,  l e t  d
,
d 0  + d
1 p  w i t h
O d 0 <  p  -  2  a n d  1  d  p  -  1  .  T h e n  W d i s  a  s h o r t  u n i s e r i a l ,-

w i t h  submodule  U ( d 0 '  0 )  e  U(d1 '  1 )  a n d  f a c t o rmo d u le

U(p -2 -d 0 '  0 )  e  U(d1- 1 ,  1 )  .  O f  co u rse ,  t h e  co n ' t ra g ra d ie n t  modu le  W
*has t h e  same co mp o s i t io n  f a c t o r s  i n  o p p o s i t e  o rd e r .  ( I f

d 2 p  -  2  ,  t h e n  t h e  u n iq u e  ma xima l submodule  o f  U d i s  i s o mo rp h ic

to  W -  '  a n d  t h e  q u o t ie n t  o f  U d o v e r  i t s  u n iq u e  min ima l  submodule  i sd

iso mo rp h ic t o  W d . )  S e t  W ( d ,  k )  =  W
[ P 1 1
.  T h e  t h e o r e m  
s a y s  
t h a t  
t h e

shor t u n i s e r i e s  w i t h  t h i n  compos ition fac to r s  ar e  pr ec is e ly  t he

W(d, k )  e  U
a  a n d  
t h e  
W
( d ,  
k )
*  
e  
U
u  
w
i
t
h  
u
a  
t
h
i
n  
a
n
d  
a
k  
=  
'
e
k
+
1  
°

, (a n d  d  r e s t r i c t e d  a s s t a t e d ) .  I t  i s  p le a s in g  t o  have  t h i s  r d s u l t ,  a n d

hence a l l  o f  [ 3 ] ,  a s s c e s ib le  w i t h o u t  a n y re f e re n ce  t o  t h e  t h e o ry  ( o r  even

the la n g u a g e ) o f  a l g e b ra i c  g ro u p s.

6.

In  c o n c lu s io n ,  a  l i t t l e  more  a b o u t  S ch o o n e ve ld t ' s  c o n je c t u re

co n firme d  a b o ve .  V a r i o u s  deep q u e s t io n s  co n ce rn in g  fi n i t e  p - g r o u p s

have been  h a n d le d  s u c c e s s f u l l y  o v e r  t h e  decades b y  L i e  r i n g  methods wh ich

go b a ck t o  Magnus, W i t t  a nd  L a za rd :  o n e  famous examp le  i s  Graham 1 iigman 's

accessible




work o n  S u zu k i 2 - g r o u p s .  T h e s e  s t a r t  b y  t r a n s l a t i n g  t h e  p ro b le m t o

15.

the f o l l o w i n g  s e t t i n g .  L e t  L  b e  a  f r e e  L i e  a lg e b ra  o f  fi n i t e  r a n k

ove r t h e  fi e l d  o f  o rd e r  p  ,  w i t h  L c t h e  homogeneous component o f

degree c  .  W e  h a ve  a  fi n i t e  g ro u p  H  a c t i n g  o n  L  b y  L i e  a lg e b ra

automorphisms wh ich  re s p e c t  t h e  g ra d in g  o f  L  ,  a n d  need t o  a n a lyze

the a c t i o n  o f  H  o n  L c i n  t e rms  o f  i t s  a c t i o n  o n  L 1 .  W e  e xte n d

the fi e l d  t o  I F  :  t h e  r e s u l t i n g  FH-mo d u le s  a re  t h e  same a s  i f  we had

s t a rt e d  w i t h  t h e  f r e e  L i e  a lg e b ra  o v e r  I F  .  N o w  we ca n  choose

conven ien t  f r e e  g e n e ra t o rs  f o r  L  :  s a y ,  e ig e n ve c t o rs  f o r  some

p t -e le me n t  h  o f  H  ;  t h e  u s u a l  bases o f  t h e  L  w i l l  t h e n  a l s o-
cco n s is t  o f  e ig e n ve c t o rs  o f  h  .  T h i s  e n a b le s u s ,  f o r  in s t a n c e ,  t o

ca lcu la t e  t h e  B ra u e r c h a ra c t e r  o f  H  a f f o r d e d  b y  L
c  i n  t e r m s  o f
t h a t  a f f o rd e d  b y  L
i  .

Schooneveldt was i n v e s t i g a t i n g  (among o t h e r  t h i n g s )  t h e

case o f  H =  S L (2 ,  p )  a c t i n g  n a t u r a l l y  o n  t h e  f r e e  L i e  a lg e b ra  L

o f  ra n k  2  .  T h e  i r r e d u c i b l e  and  ( a l l )  t h e  indecomposab le  IFH-mo d u le s

were, o f  co u rse ,  w e l l  known, a n d  he  c o u ld  o b t a in  t h e  Jo rdan -H51de r

m u l t i p l i c i t i e s  o f  t h e  L  :  t h e  o u t s t a n d in g  p ro b le m was t o  c a l c u l a t e

the  K ru l l -S c h mid t  m u l t i p l i c i t i e s .  H i s  i d e a  was t o  e x te n d  t h e  fi e l d  t o

F  a n d  e x p l o i t  n o t  o n l y  t h e  f re e d o m t o  choose b e t t e r  bases b u t  a l s o

• t h e  f a c t  t h a t  t h e  a c t i o n  o f  H  c o me s  b y  r e s t r i c t i o n  f ro m t h e  n a t u ra l

a c t io n  o f  G  .  Wh e n  c  i s  n o t  a  m u l t i p l e  o f  p  ,  i t  i s  e a sy t o  se e

t h a t  L c i s  a  (G -mo d u l e )  d i r e c t  summand o f  ,  s o  L c  l i e s  i n

the c l a s s  L  a n d  t h e re f o re ,  a s  we  have  seen  i n  s e c t i o n  2 ,  t h e  K r u l l -

Schmidt m u l t i p l i c i t i e s  o f  L c ( a s  G -mo d u le )  ca n  be  re co ve re d  f ro m t h e

known Jo rdan -H51de r m u l t i p l i c i t i e s .  T h e  comment a t  t h e  e n d  o f  t h e



d i s c u s s i o n  o f  t h e  fi r s t  r i n g  i n  s e c t i o n  4  i n d i c a t e s  h o w o n e  o b t a i n s

t h e n  t h e  K r u l l - S c h m i d t  m u l t i p l i c i t i e s  o f  L
c  a s  S L ( 2 ,  p ) -
m o d u l e .So i n  t h i s  c a s e  S c h o o n e v e l d t ' s  p r o g r a m wo r k s .  T h i s  i d e a  may  w e l l

fi n d  f u r t h e r  a p p l i c a t i o n s ,  e x t e n d i n g  t h e  r o l e  o f  L i e  r i n g  me t h o d s

f o r  p - g r o u p s .  ( T h e  p r o b l e m o f  t h e  L
c  w i t h  c  
a  m u l t i p l e  
o f  
p

i s  s t i l l  o p e n . )
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