
Kov$,cs, L. G. 
Math. Zeitschr. 75, 277--294 (1961) 

Groups with regular automorphisms of order four 
By 

L.G. KovAcs  

1. I n t r o d u c t i o n  

An automorphism of a group G is called regular if it moves every element 
of G except the identity. BURNSIDE proved that  a finite group G has a regular 
automorphism of order two if and only if G is an abelian group of odd order, 
and then the only such automorphism maps every element onto its inverse 
([21, p. 230). More recently several authors considered the question: what 
groups  can admit  regular automorphisms of order a prime p ? B. H. NEU- 
~IANN [8] and M. NAGATA [7] extended the original theorem about the case 
p = 2 to varioug classes of infinite groups. The case p =  3 appeared in the 
second edition of BURNSlBE'S book ([81, pp. 90--91), a~ad this theorem was 
also generalized by  NEUMANN [9]. For arbi trary p, the results so far can 
be summarized as follows. If a locally finite or locally nilpotent group G 
has a regular, automorphism of prime order p, then G is nilpotent and its 
class is bounded in terms of p (G. HIGMAN [d] a n d  J. THOMPSON [10l). 

In this paper  we consider groups which admit  regular automorphisms of 
order four. For this case one cannot obtain results like those quoted above. 
Finite nilpotent groups of every class have regular automorphisms of order 
four; hence locally nilpotent but  non-nilpotent groups have them too. There 
are also non-nilpotent finite soluble groups, both metabelian and non- 
metabelian ones, that  admit  such automorphisms. (Examples are given in 
the last section of the paper.) What  we can prove is that  i[ G is either a 
locally nilpotent or a periodic locally soluble group, and i / G  has a regular auto- 
morphism o/order ]our, then the ,second derived group o /G is contained in the 
centre o/ G.*) The examples just mentioned show this conclusion to be in a 
sense the best p0~sible. 

All outline of the proof is the following. 

Let G be an arbi trary group with a regular automorphism ~ of order  four, 
and let us consider the action of 0c 2. I t  is clear that  0r ~ need not be regular: 
the elements of G fixed by  0t 2 form a subgroup T(G). The restriction of 
to this subgroup is a regular automorphism of order t w o a n d  so; under any 
of the conditions tha t  we later adopt, T(G) is abelian and its elements are 
all inverted by  0r I t  is more difficult to see what happens to the elements 

*) [Added in proo/, 31. 12. t960.]" Dr. B. HUPPERT has kindly informed me of a new 
theorem of D. GORENSTEIN and I. N. HERSTEIN, according to which a finite group with 
a regular autom0rphism of order four is always soluble. Hence ill our result the condition 
"period!c locally soluble" could be replaced by "qocally finite". 
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on which c~ ~ acts as if it were regular, that  is, which are inverted by  ~ .  The 
set S (G) formed by  these elements need not be a subgroup., However, if we 
assume that  every element of G has a unique square root in G, then G is 
the product of T(G) and S (G). This then implies that  the subgroup H(G) 
generated by  S (G) contains the derived group of G. 

Here we turn to the investigation of H(G). Since H(G) may coincide 
with G, and in any case 0~ can be restricted to H(G), we may  consider H(G) 
without further reference to G. Thus let H be an arbi trary group which has 
a regular automorphism ~ of order fourl such that  the elements inverted by  
c~2 generate H. Assuming that  H is locally nilpotent, commutator  compu- 
tat ions give that  H is nilpotent of class at most three. Then we prove (by 
induction on the order of H) that  the same conclusion holds if instead of 
local nilpotency we assume finiteness and solubility, and hence also if H is 
taken to be only periodic and locally soluble. 

Returning to G w i t h  the condition on roots ,  we show that  if H(G) is 
nilpotent, then the second derived group of G is contained in the centre of  G. 
Here agai n some computafi9nal work is involved, but  after this the main 
theorems follow immediately. Namely, let G be an arbi trary g roup  with a 
regular automorphism ~ of order four. If G is periodic and locally soluble, 
then the condition on roots is automatically satisfied. If  G is locally nilpotent, 
then it can be embedded in a locally nilp0tent group which satisfies the 
condition on roots and admits an extension of c~ as a regular au tomorph i sm 
of order four. So the previous theorems can be applied, and in either case 
we get that  the second derived group of G is contained~ in the centre of G. 

The major part  of this paper was presented to the University of Man- 
chester for the degree of M. Sc. I t  is a great pleasure to record m y  gratitude 
to Dr .  B. H. NEUMANN, both for suggesting this topic to me and for his 
generous advice and guidance throughout: I also thaflk the University 
College of North Staffordshire for the Research Studentship which enabled 
me to car ry  out this work. 

2. Notations and quotations 
We follow the terminology and notation of KUROSH i53, apart  f rom the 

except ions and with th.e additions given in the f i I~t ,part  of this section. 
Let G be any group; then H(__G means  that  H is a. subset, and H~G 

means that  H is a subgroup of. G. When H is a normal  subgroup o~~G and 
a, b are elements of G belonging to the same coset of H, thei1 the congruence 
a ~ b rood H may  be used as a convenient way of recording this situation. 
We need the usual abbreviations oh=b-lab and [a,b]=a,lb-lab in the  
following extended forms. F o r  two subsets A, B of'G, the symbo ! A B denotes 
the set of all elements a b with a C A, b C B. The n-th commutator  [h, . . . . .  h~] 
of t h e  elements h 1 . . . . .  h.  of G is defined recursively by. [hl . . . . .  h . ] .=  
[[h~ . . . . .  h~_l],  h~]. If ~/~ . . . . .  H~ are subsets of G, then ~H 1 . . . . .  H~] stands 

f o r  the subgroup generated by  all the commutators [h 1 . . . . .  h~ 1 with h 1 C//1, - . . ,  
h,,~H 
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The derived length of a .soluble group G is t hesma l l e s t  integer n sucll 
that  G('/ - -  the n-th derived group of G --  is the  unit subgroup E. Metabelian 
groups are the soluble groups of derived length two. We write the lower 
central chain of G as G=FI(G)>=F,(G)>=..., and the upper central chain 
of G as E=Zo(G)~ZI(G)<=. . . .  

In the course of computations, the following identities are used without 
further reference : 

ab= a [a, bl, 

[b, a] = Ca, bl-1, 

Ea, b-q = Eb, aS-; 

Ea-1, b-l ]  -~ E a, b] b-'~'-', 

[a b, c d I = [a, d~ b[b, d~ Ea, c~ bd Eb, c] �9 

Anothe r important  identity is 

(2.t) E a, b-l,'Clb-i b' c-1, alc EE; a71,.1-)I '~ = t ;  

we m a k e  a point of quoting ii by number  whenever it is applied.  

Next we collect some definitions and results on gioups with unique square 
roo t s .  We take most of them from BAUMSLAG'S thesis [1 l, but  our notation 
is slightly different and th e' qu0tations rarely verbat im:  as we use only special 
cases of his concepts and results, we do not quote them in their full generality. 
The. numbering of the statements follows that  in El~; for instance, (B.SA) 
stands for (a possibly simplified form of) (5.1) in [1 I. 

Let G be any group, and gCG. If  x~=g (xCG), we write x = g a  and say 
tha t  x is a square root of g. If  a is a single-valued function (on the subset 
of G where it is defined at all), then we call G a H-group, or write for short 
that  G C [HI. I f  G C EH3 and if a is defined on the whole of G, then G is called 
a Z-gr0up; for short; G C EZ]. 

(B.5.t) A periodic group G is a ,Y-group i/ and only i / G  has no element 
o/order two; 

(B.5.3) I / G C  [H l, i/~7 is any endomorphism o/G, and i / g  is any element 
o /G  such that ga exists, then (g~7) a nlso exists and (g~7) a = (ga) 9. 

(B.5.6) I /  GC EH~ and g~ hCG, then [g2~; h~ml= 1 (n, m non-negative inte- 
gers) is equivalent to Eg , h I = t. 

Again, let G be any  group. A subset H of G is closed (in G) if x 2 E H (x C G) 
implies tha t  x CH. (We usually omit�9 the reference to G as i t  is always Clear 
from the Context which group 9lays its role.) The intersection of closed subsets 
is closed. Let cl(H) be the intersection of all closed subgroups of G that  
contain H;  this is the minimal closed zubgroup that  contains H, land it is 

�9 called the closure of H in G. A constructive definition of cl (H) is the follow= 
ing. Le t  H i be the subgroup generated by  H ,  ..... let Hi+ 1 be the subgroup 
generated by  all x (CG) such that  xZCHi . . . . .  Then cl(H) is the union of 

. M f f t h e m a t i s c h e  Z e i t s c h r i f t .  B d - .  75 ~ " 2 0  
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//1, . . . ,  H i . . . . .  -- If H is normal, characCeristic in G, then cl(H) is also 
normal, characteristic in G, ~respectiveiy. We shall ~ase Ai(G) to denote the 
closure of P i (G) in G. 

Any closed subgroup of a Z-group is itself a'Z'-group. 

An ideal is a normal subgroup N of G such that  G/N is a / / -group.  Every 
ideal is closed. 

(B.9A) I[ H, K are subsets o! a H-group and i/ LH, K ! = E ,  then also 
[cZ(H), c l (K) ]  = E. 

(B.9.2) All terms o/the upper central chain o /a / / -group are ideals. 

(B.9.4) A locally nilpoten~ group is a //-group i/ and only i/ it has no 
element o[ order two. 

(B.'9.5) Any closed normal subgroup o/a  locally nilpotent group is an ideal. 

(BA0.2) 11 G is a [I-group, and i[ H is an ideal and K a subgroup o[ G 
such that ~H, K ] = E  and aI(K)>--H, then c I (KH/H)=cl (K) /H.  

�9 M. LAZARD has proved th e following s ta tement( in  a more general form; 
E6], pp.  180, t86) : 

(2.2) I /  G is a locally nilpotent group without elements o] order two, then 
there exists a locally nilpotent Z-group G* such that (i) G* contains G, (ii) to 
every element g* o/G* there is a number n = n  (g*) /or which (g*) 2n belongs to G, 
and (iil) every automorphism o] G can be extended in one and only one way 
to an automorphism o/G*. 

Now we turn to automolphisms. Let us repeat that  an automorphism 
of a group G is called regular if g~=g (g~G) implies that g----t. For brevity 
we shall say that  G is an A,-group if G has a regular automorphism whose 
order divides n ; sometimes we shall write (G, a) C EA.I to express that ~ is 
such an automorphism of G. We shall also use (G, ~) C [A~//], (G, ~) E [A~2:] 
if simultaneously (G, ~) C ~A~] and G ft. E[l], (G, ~) C [A~ and G ~ ~ ,  respec- 
t ive ly .  

We need a remark of g. ZAPPA ~11 i : 

i2;3) I /  ~'is a regular automorphism o/ a finite group G, then every element 
g o / G  can be written in the/orm g=x-~xcr with some xC G. 

Again we repeat that  if (G, ~)~ [A41, .then T(G) is the set of all t (CG) 
such that tx2-~t, and S(G) is the set of all s (CG) such that  so~2=s -~. Clearly 
T(G)~=T(G), S (GI~: ' s (G);  and T(G) is a subgroup of G. 

Finally, two of  the results mentioned ill the introduction have to be 
stated precisely for reference in the sequel. 

_(2.4) (NEUMANN [8~) I/ (G, r [A2z~], then G is abelian and g~=g-1 /or 
every g in G. 

(2-5) (NAGATA ETa, HIGMAN [4~) I /  G is a locally nilpotent group and i/ 
(G, ce)C IAe], then G is abelian and go~=g7 ~ /or every g in G. 
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�9 3 .  P r e P a r a t i o n s  

We star t  with a purely technical remark. 

(3.1) I] a is a regular automorphism o] a finite group G, then an equality 
o[ the ]orm aa=ag (a, gEG) can hold only /or a = t .  Indeed, according to 
(2.3), aa=ag yields aa- -a  ~-~*~-  with some x in G, whence (a*- ' )a= a ~-', and, 
as a is regular, this can only happen if a *-1= 1, a = t. 

Next we present four lemmas on A 4- and X-groups. 

(3.2) L e m m a .  I1 (G, a) E [A~] and G is locally finite, then G is a X-group. 
Proo/. Take an arbi t rary element g of G and consider its aTorbit, that  is, 

the set consisting of the elements g, ga, g~*, ga 3. The subgroup K generate d 
by  these elements is finite and a-invariant ; as such, it is the union of a finite 
number  of disjoint a-orbits. Since the a-orbit of any non-identity element 
of G consists either of two or of four elements, it follows tha t  the number  
of non-iclentity elements in K is even, the order of K is odd. Hence g itself 
is of odd order  and, as g was arbitrary,  the same holds for every element 
of G. Thus (B.SA) proves t he l emma .  

(3-3) L e m m a .  I /  (G,a)C~A~27~, then T(G) is abelian and t a = t  -1 /or 
every t in T(G). c 

Proo[. If tET(G) then, using (B.5.3), we see tha t  (ta):c2-=.(t~c*)a-----ta, 
so ta also belongs to T(G). This shows tha t  T(G) is a closed subgroup of G; 
as such, it is itself a X-group. If  fl denotes the restriction of ~ to T(G), ' then 
(T(G), fl)C EA2XI, and so (2.4) implies the statement of the Iemma, 

(3.4) L e m m a .  I] (G, cr [A4X~, then every element g o /G can be written, 
in one and only One way, as g=t s  with tCT(G), sC S(G). 

Proo]. L~t us first assume that  g=ts ,  tCT(G), sCS(G). Then g-l~,=_ 
(s-lt-1)a*=st -1, so g-la2g=sZ, s----(g-la~g)a; s-l~--(s2)-la=(g-~ga~)a, t =  
gs-l-=g(g-Xga~)a. Tt~is shows that  no element of G can be written in the form 
g-- ts  in more than one way: 

On the other hand, using again that  (xa)-l= (x-X)a with x=g-lm2g, we 
always have that  g = g .  (g-Xga*)a. (g-!~2g)a; so we have to prove only that  
g(g-lga~)a=tC T(G) and (g-la~g)a--sCS(G) for every g in G. (B.5,3) enables 
us to argue that  

( g) ,,) = ( g) as) o = g = ( (g-1 a 'g) 

so indeed (g-l a* g) a = s C S ( G) ; 'using this, 

(g s-l) 0r (g S-l) -1 = g ~2 S S g-1 = g.a2 (g-1 ~2 g) g-1 : ~, 

so that  (gs-1)a*=gs -1, gs-~=tC T~G). 

(3-5) L e m m a .  I / (G,  cr then the subgroup H(G) generated by S (G) 
contains the derived group G' o/G. 

Proof. First one shows that  H(G) is normal in G. If  s ~ S (G) and t ~ T(G), 
then (s t) a ~-- (s-~)t= (s *)-~, so that  st~ S (G) ; whence S (G) r~) =- S (G). As (3.4) 
gives" G-= T(G) S (G), we have that  S (G)G= S (G) r(~slvl = S (G) sl~) ~H(G), 

20* 
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and so indeed H(G)a=H(G). From (3.4) it follows also that G =  T(G)H(G), 
whence 

GIH(G) = T(G)H(C) /H(~)~  T(G)/(T(G)~ H(G)), 
which is abelian according to (3.3)- This proves that  H(G) contains G'. 

on  locally nilpotent Aa-gr0ups we have two similar lemmas. The first 
of these can be proved in the same way as (3.3), except that  one has to use 
(2.5) instead of (2:4). 

(3.6) L e m m a .  I /  (G, ~) E [A4] and i/ G is locally nilpotent, then T(G) is 
abelian and t e - - t  -~ /or every t in T(G).. 

(3.7) L e m m a .  I /  (G, o~)C[A4]~and i/ G is locally nilpbtent, then G has 
no element o~ order two. 

Proo/. Take any element x of G such tha t  x~= 1, and consider the sub- 
group K generated by  x, Xm, xe  ~ and xm 3. Then K is generated~ by  a finite 
number of elements whose orders divide 2, therefore K is nilpotent, finite, 
and its order is a power of 2. On the other hand, ~ restricted t6 K is still 
a regular automorphism of order dividing 4, so that  (3.2) and (B.5.t) imply 
that  the order of K is odd. Hence the.order of K can be only 2 ~ proving 
that x =  I. 

In the following two lemmas we turn to direct preparation for Section 4. 
There, in course of investigating a certain nilpotent A4-grou p, We shall need 
homomorphic images of lower nilpotency class which admit regular auto- 
morphisms induced b y  the .particular automolphism of the original group. 
Here we prove that such images are provided, for instance, ' by  the homo- 
morphisms corresponding to the closures Ai(G ) of the members ~(G) of the 
lower central series of the group; also, that  these closures Ai(G) form a 
central series of the group which inherits an analogue of the well-known 
property [~(G), ~(G)]--<~+i(G) of the lower central series of the group. 

(3.8) L e m m a .  I /  G is a nilpotent group without elements o/ or[ler tie, o, 
then [Ai(G), Aj(G)!<=Ai+i(G ) (/or every i, ] = l ,  2 . . . .  ). 

Proo/. This is done by induction on the nilpotency class c of G. For 
c =  t the statement is obvious. If c >  t, we assume that  the statement holds 
whenever the class of the group considered is less than c. -- We have G =Z~(G), 

. I'~+I(G)=Ac+I(G)=A~+2(G ) . . . . .  E, ~(G)<=Zi(G ). From (B.9.4) we know 
that GC [/7]; by (B.9.2), Zt(G) is an ideal, so it is a for t io r i  closed. Hence 
A~ (G) --- cl (~ (G) ) ~ c l (21 (G) ) -----Z~ (G), So ['~ (G), A~ (G)] = E;  A, (G) is closed and 
normal in G, so by (B.9.5) i r is  an ideal;finally, if i =< c then zl, (G) = cl (~ (e)) >= 
cl(P, (G)) = A~ (G), Thus (B. 10.2) may be applied: A i (G/Ac (G)) = c l(I'i (G/A,.(G))) ---- 
cl(F~(G) A~(G)/A~(G)) -----~cl(F~(G))/A~(G)=A,(G)/Ac(G ) for i=<c, and this can be 
extended to any i by  writing it in the form A i (G/A~ (G))=Ai (G)A c (G)/A~ (G). 
Now G/A,(G) is of class c - - t ,  so the induction hypothesis gives that 

[A, (G/A., (G) ), Aj.(G/A, (G))] g A,+ i (G/A~ (G) ), 
[a, (G) A~ (G)I& (~), aj (G) 3~(G)la~ (G)] =<_ a ,+ ;  (G) a~ (G)/3~ (G), 

[A;(G) A~(G), Ai(G ) A~(G)] __< a~+i(G ) A~(G) ; 
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whence, using tha t  zl c (G) <--<_ZI(G ) , one obtains tha t  ~z] i (G), A i (G)] ~zJi+ 1- (G)Ac(G). 
For  i+j<=c the right hand  side is s imply zli+i(G) (since zI~+i(G)~zJ~(G)), 
so for this case the s ta tement  is verified. If  however  i + / ' >  c, then zl~+j (G) = E, 
and from ~ ( G ) ,  Fj(G)~<=F~+i(G)=E it follows b y  (B.9A) tha t  also 
EAi (G), A i (G)~ = E. This completes the proof. 

(3.9) L e m m a .  Assume that (G, o~) ~. ~A~ and that G ~s nilpotent. Then o~ 
induces regular automorphisms o~ i on the G/,4i+I(G ), for every i ~ t ,  2, . . . .  

Proo/. This again is d o n e  b y  induct ion on the ni lpotency class c of G. 
If  c = t ,  we have nothing to prove:  G/zIi+I(GI=G, ~i=o~ for all i .  If  c > t ,  
let us assume tha t  tile s ta tement  of the l emma i~ true whenever  the class 
o f t h e  group considered is less than  c. The cases i=c ,  c + t  . . . .  are again 
obvious. 

Take first G/zl~ (G); since A~ (G) is characteristic,  th  e mapping  ct,_ 1 de f i ned  
by  (gA~(G))ct~_I----(gs~)A~(G) is indeed an automorphism of G/zJ~(G). If  
(gc~)Ac(G)=gA~(G), then gk----gd With some dCA~(G). (3.7) enables us to 
recall f rom the proof of (3.8) tha t  zJ~(G)<=ZI(G ). Thus dCZI(G)," and so 
(d d~ d~ ~ d~ ~) ~ = d do t d~ 2 dot 3 ; as ~ is regular, this means tha t  d d~ dc~2do~ 3 = 1. 
Using this relation and the fact t h a t  also dot, d~ 2, do~3CZI(G), we get for 
~----d-l~ ~ �9 d - ~  �9 d -~ t h a t  

h -1 h ~ = d a d ~ o~ d~ ~ d -~ st a d -~ ~ d -~ ct = d ~ (d d~ d~ ~ dst~ -~ = d ~. 

On the other  hand, g~=gd  and d~Z~(G) yield gi~=g~d~. Thus d~:g-~g%~= 
h-~ho~, therefore (hg-~)o~=hg-4; as c~ is regular, we have in fact . that g~= 
h~A,(G). Since At(G) is closed, this can only hold if g is in A~(G). So we 
have lbroved tha t  ~_~ is regular on G/A~ (G). 

For  i <  c - -  ~ we refer to the induct ion hypothesis.  This applies to G/zI,(G) 
and ~_1 :  the automorphisms induced b y  ~ - 1  on the G/z]~ (G)/Ai+ 1 (G/Ac(G)) 
are regular. Recalling from thepro0f  of (3.8) tha t  z~ i +1 (G/A~ (G)) = A i+l (G)/A,(G), 
one sees tha t  these are in fact automorphisms of the G/zl, (G)/~]r 1 (G)/z]~ (G) "~ 
G/z~i+~(G), induced b y  ct through a~_~, and this was to be proved. 

4. A class of local ly n i lpotent  A4-groups 

Following our set course, we now proceed with the stucly of an arbi t rary  
group H which has a regular automorphism c~ of o rde r  four, such tha t  the 
elements inverted by  &2 generate the whole of H. I t  seems natura l  to start  
by  imposing strong conditions on H. For  instance, if we assume tha t  H 
is finite and nilpotent,  can we get a bound  for its ni lpotency class ? The 
answer is in the affirmative, and with the hel p of the lemmas presented in  
the previous section the whole a rgument  carries over to the  locally ni lpotent  
case. We give it at 'once in this general form. 

(4.0) T h e o r e m .  I f  H is a locally nilpotent group, i/ (H, o~)C E~4~, and 
if the elements that are inverted by o~ ~ generate H, then H i s nilpotent o/ class 
at most three. 
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The proof splits into several s teps  and occupies the rest of the section, 
where we always assume that  the premisses of the theorem hold. 

(4.1.t) The first step is a reduction. Since H is generated by  S(H), ~ (H)  
is generated by  all commutators of the form Esl . . . . .  s4] (s 1, . . . ,  s4CS(H)) 
together with their conjugates in H. So if we prove that  ESl . . . . .  s4~----t for 
any four  elements s 1 . . . . .  s 4 of S(H), t h e n  in fact we p r o v e  the theorem. 
To achieve this, we consider four arbi trary (but for the rest of the proof 
fixed) elements s 1 . . . . .  s 4 of S (H), and then the subgroup K generated by  
sl . . . . .  s 4, sl~ . . . . .  s4~, and prove that  K is nilpotent of class at most three. 

{4A.2) If fl denotes the restriction of ~ ~o K, theri (K, fl)C [A4]. As a 
finitely generated subgroup of H, K is nilpotent of some class c. Also, 
S ( K ) = S ( H ) m K ,  so K is generated by  S(K). From (3.7) and (B.9..4) it 
follows that  K is a / / -g roup .  

We want to prove that  c ~  3; it is convenient to restrict ourselves to the 
case c ~ 3 and then prove that  c = 3. 

(4.1.3) In the rest Of the proof, we write briefly i i ,  d i ,  and Z / f o r  I~(K), 
Ai(K), and Z i(K). From (3.8) it follows that  the/1 i form a central series of K ;  
as the length of such a series cannot be less than c, and as Ac+I=E ,  all the 
A1, A 2 . . . . .  Ac+ 1 are distinct. According to ,(3.9), fl induces regular auto- 
morph!sms fl~ on the factor groups K~=K/di+l,(i<=c ). Each K i is nilpotent 
of class exactly i, and from (B.9.5) it follows that  each K i is a / /-group. 

Almost all the steps that  follow are concerned with t h e  derivation of 
congruences between commutators of arbi trary elements of S(K). We use 
throughout withont further mention that  congruences ,modulo ~ automati-  
cally hold modulo d i, and also that  the A i are characteristic in K. 

Let then x, y, u, v denote arbi trary elements of S(K) ; in this case also 
*8, y~, ~ ,  v~ ~ s (K). 

(4.2A) I x ,  y~ fl --= Ex, y1-1 mod A a. 

Proo/. Since Ex, y] fl~= [x -1, y-~ Ix, y] mod A a,we have that  (Vx, y~ a)r= 
=[x,  y]Aa; therefore Ix, ylAaCT(K2). According to (4.t.3), (3.6) applies to 
T(K2) and gives that  (~x, y] Aa) fl~ = (Ix, Y]/la) % whence (Ex, y~ 8) Aa = Vx,yl IAa 
and so (4.2.1) holds. 

(4.2.2) ~x, Jill = ~xfl, y~ modA a. 

Proo/. ~x, yfl~fl=Exfl, y-~=-~xflTyj-~modda; on the other hand, by  
(4.2A), Ex, yfl]fl =~ Ix, yfl]-l. Comparing these we get that  ~x, yfl~-l= ~xfl, y]-l, 
so indeed Ix, Yfl~l ~ ~xfl, y~ rood A s. 

(4..3.t) ~a,b,c~=_~a,c,b~b,c,a]~lmodA4, for every a,b, cCK. 

This follows from (2.1). 

(4.3.2) ~x, y, ufl~ ~ Ix, u, yfl~ ~y, u, xfl~-lmodA4. 
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Proo/. Apply (4.3A) with a = x ,  b = y ,  c = u ,  and map the result by fl: 

[Ix, y] fl, u fll -~ [Ix, u] fl, y fll [[Y, u] fl, x fl]-I mod A4. 

Now use (4.2.t) and (3.8): 

[Ix, y]=l, u fl] ~ [[~r u]- l ,  y fl] [[y, HI-l, x f l ] - I  rood A4, 

Ix, y, u f l ]  -1 ~ Ix, u, y f l ] - i  [y, u, x fl] mod/14. 

Taking inverses on both sides, we obtain the statement. 
Similar yeasoning leads to the following three congruences: 

(4.3-3) Ix, y, uf l] . --  [x, ufl,  ~][y, ufl,  x]- lmodd4.  

(4.3.4) Ix, u, yfl] ~-- Ix, y f l  ~] [y, aft,  x] mod/14. 

(4.3.5) [Y, u, xfl] = Ix, yfl,  u] -1 Ix, ufl,  y] rood ,4 4. 

(4:3.6) Ix, y, ufl] =- Ix, yfl, u] rood/1~. 
Proo]. By (4.3.2), 

Ix, y, u fl]* =- Ix, y, u fl] Ix, u, y fl] [y, u, x fl] -1 rood/14. 

Substituting the terms on the right hand side from (4.3.3), (4.3.4), and (4.3.5), 
after cancellations one gets that  Ix, y, u f f i Z i [ x ,  yfl, HI 'modAl .  So 

(Ex, y, ~,fl] A,)~ = (Ex, yfl, *,]/1~)* 
and, since K~C [H], this implies that 

[x,. y, u f l ]  /1~ = Ix,  y fl, u]  /1~. 

(4.3.7) ix ,  y fl, ufl] -1 ~- Ix, y, u] rood A~. 

This follows from (4.3.6), using (3.8). 

(4.4.1) [x, y , u , v ] ~ - - [ x , y , v , u ] m o d / 1 5 .  

Proo/. By (4.2A), there exist z, wC/13 such that Ix, y ] f l=[x ,  y]-tz and 
[u, r i f t =  [u, v]-lw. Using (3.8) we obtain that 

Ix, y, [u, v]] fl = [Ix, y]-i zl [u, v] -1 w] ~ [Ix, y]-l, [u, v] -1] --~ Ix, y, [u, v]] mod/15. 

Hence (Ix, y, [u, v]]/15)fla= Ix, y, [u, vii/15, and as fla is regular on K a, this can 
only hold if [ x , y , [ u ,  v]]CAs. Similarly one verifies tha t  [u, v -1, Ix, y]] C/15. 
Now apply (2.1) mod A 5 with a =  Ix, y], b = u ,  c=v:  

Ex, y, ~-1,~]. [~., ~-1, Ex, y]]~ [~, Ex, y]- l ,  .]E~,~J = i 
gives that  

Ix, y, u -1, v] Iv, [y, x], u] ~ I mod/15, 
Whence 

[ x , y , u , v ] - l [ y , x , v , u ] - l ~ t ,  . [ x , y , u , v ] - l [ x , y , v ,  u J = l m o d A s .  

(4A.2) [x , y ,u ,  v lCAs:  
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=-- Ix, y, ufl, v fl]-I mod As, 

=fix, y~, u, v/~]-lmod As, 

Ix, y fl, v fl, u~-1 rood As, 

= Ix, y, v, u I mod As, 

=-- [x, y,u,v~ rood As, 

by  (4.2.t) and (3.8), 

by (4.3.6) and (3.8), 

by (4.4.1), 

by (4.3.7) and (3.8), 

by (4.4.1). 

So (IX, y, u, v]A5)~4=[x, y, u, v~As; as f14 is regular on K4, this can only 
hdld if IX, y, u, v]A~=A 5. 

(414.3) K is nilpotenI o/ clasi three. 

Pro@ By (4~4~2), all the 4-th commutators of the generators sx . . . . .  s 4, 
Sl~ . . . .  , s4~ of K belong to As; since A 5 is normal in K, it contains also their 
conjugates. Thus As contains ~ ,  whence also Aa=cl (~)<_ds ,  so that  in 
fact A~=A 5. As the central series K = A ~ > . . . > A ~ + ~ = E  was properly 
descending, this implies that A 4 = A s = E ,  a fortiori that ~ = E ,  c<~3. We 
assumed that  c_> 3, so in fact c = 3. 

In View of (4.4.1),this completes the pro9f of the theorem. 

5. A class of (locally) finite and soluble A4-groups 
In the preceding section we staried investigating a special clas~ of A4- 

groups: a group H belonged to this class if i t  had a regular automorphism 
of order four, such that the elements that were inverted by e~ genera ted  

the whole group H. There we worked under the additional assumption that 
H was locally flilpotent. Now we pursue the study of finite groups of this 
class, weakening the  condition of nilpotency to solubility. Here  we have to 
apply a very finite method: induction on the order of the group. Thus, 
though the  problem is still of locM ciaaracter and admits a generalization in 
this direction, we cannot, as we did in the preceding section, deal with the 
generalized case at once. 

Let us assume therefore, for the time being, that  H is a finite group and 
that (H, e) ~ [A4~. It  will be convenient to write simply F~ instead of ~ (Hi, 
and when it can be done Without danger of ambiguity�9 we shM1 also use T 
and S instead of T(H) and S (H). As usual, curly brackets denote (sub)-t 
groups generated by the elements, or by the elements  of the sets, listed 
be'tween t h e m .  Let us recall the preparatory results concgrning this case: 

by (3:2) and (B.5.1), 

by (3.3), 
by (3.4), 

by (2-3), 

by (3.t), 

HC ~X L 1, and the order of H is odd;.su, 

T is abelian, and t ~ = t  -1 for every t in T; 

H =  TS.; ~ 

every element h-of  H can be written in the form 
h= x- lx~ with some x in H;  

ho~=h ~ (for h, x~H)  can only hold if h = l .  
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Then we need four iemmas.  

(5.t): L e m m a .  [s~,so~]-:-[t,s:s~]----I /or every tCT,  sCS. 
Proo/. Let  t, s be a rb i t ra ry  elements of T, S, respectively. Then 

[s',  s ~ ]  ~ = [ (s  ~)'-' ,  s - l ]  = [s,  (s ~ ) " ] ' - '  = [s', s ~]'"-', 
so by  (3.t) we have L st, s ~ ] =  t.  In part icular,  Is, S~]=I. T hus  

, I = [s', s ~]  = Is [s, t],  s ~]  ~ [s, s ~]E,;,~ [s, t, s ~] = [[t ,  s]-1, s ~], 

bu t  then also It, s, sm] = I .  

(5.2) L e m m a .  It, s, s, s] = It, s, s, scr 1 /or every tE T, s E S. 
t~roo/. Take any  t from T and any  s from S. Define / / 1 =  {s, s*}, H,---- 

HIm={Sm , (sm)t-'}, H3----{H1, H,}, T~-~Hi/~T, .Si=Hic~S (i----t, 2, 3): Then 
Him*~Hi for each i; since the order  of H is odd, so is the order  of Hi ,  and 
then  HiC [27]. As in (3.4), one proves tha t  H i = T  i S i . From (5.t) it follows tha t  
[Ha, Hs]----E, giving tha.t Hv'~H~<=ZI(Hs). Since T~=T~m-~T,, T~<=H~H~<= 
ZI(Ha); in part icular,  T 1 is normal  in H 1. Consider now HJT 1. Define 
(hT1)fl=(ha*)T 1 for each h in //1; since T I , t *=T  1 and Hlo~2=H1, fl is an 
automorphism of H1/T 1. Assume (hT1)fl:hT1, tha t  is, ha*=ht for some 
hC'H1, tCT 1. Then t'--h-lho~2; but  we have seen in the proof of (3.4) tha t  
elements of th i s  form belong to S, so t C Tc~ S = E. I t  follows from this tha t  
h ~ = h ,  hET  1, showing tha t  fl is regular. B~t  then (3~2) and (2.4) imply 
tha t  H1/T 1 is abelian, HI=<T1. Similarly H'~<=T2=T1; as we have already 
seen tha t  [ Hi ,H~I=E  we get also tha t  H~={H~, H'~}~T~<=ZI(Hs). Now 

[ I t ,  s]-1, s~ = Is, t, s] = Is, s] [', '] [s, t, s] = [s Is, t.], s] ---- Is', s] # H~ < G (H~), 

but  then also It, s, s] EZ1 (H~), and our s ta tement  follows. 

(5.3) L e m m a .  Let N be any normal subgroup o] H such that T~ZI (N ) ~ E. 
I / s  is an arbitrary element o/ S, and i /N~={N, s, sm}, then ZI(N~) ~ E. 

Proo/. Take any nontr ivial  element t from T~Z~ (N). As Z 1 (N) is normal  
in H, It, s, s ]#Za(N) ;  further,  b y  (5.2), [t,s,s, s ] = [ t ,  s, s, s m ] = l ,  so in fact 
It, s, s] #ZI(N~). If It, s, s ] = ~ ,  then we consider It, s]; this is also in ZI(N), 
and, by  (SA), It, s, sm]-----~, so tha t  It, s]#Z~(/V~). Finall3~, if It, s ] = ~ , - t h e n  
also t = [ t ,  s]cc-~[t -1, sx], whence It, sm]=~,  proving tha t  t#ZI(1V~). There- 
fore one Of It, s, s], [t, s], and t is a nontr ivial  element in Z 1 (N~). 

(5.4) L e m m a ,  I / N  is any subset o / H  such that Nsc=s, then [N, S]=E.  
Proo/. For any  n in N and any s in S, n~# s ,  so tha t  ( # ) ~ =  (n*)~l; on 

the other  hand~ n=n~# S implies tha t  (n')m *-- (n-l) ~ - ' -  (n*-') -1. So (n*)m*= 
(nS)-l=(n~-') -~, whence n~----n ~-', so tha t  n~=n, In, s~]----t. Thus by  (B.5.6) 
also In, s] = ~'. 

Now we are ready to prove the second theorem. 

(5.5) T h e o r e m .  Let H be a ]inite soluble group, (H, a)~ [Aa], and assume 
that the elements that are inverted by o# generate H. Then H is nilpotent o/ 
class at most three. 
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We prbve this by  induction on the order of H. The unit group provides 
a starting point, so we only have to give the inductive step. For this we 
assume that the order of H is greater than t, and that  the theorem holds 
whenever the order of the group considered is less than the order of H, 

Again we split the woof into several steps~ 

(5.5.t) I [  N is a normal subgroup o/H such that No~=N and N ~E ,  then 
F4 (H) is contained in N. 

Proo/. Define (hN)fl=(h~)N for~every hNCH/N; clearly fl is an auto- 
m0rphism of H/N. If (hN)fl=hN, that is, if h~:--hn for some h in H and 
n in N, then h-lho~=n, if  ~, means the restriction of ~ to N, then (N, ~) E [A41. 
Accordingto (2.3), n=m-!mc~ with some m in N ;  but then n=h-!ho~=m-lmo~, 

�9 whence (hm -1) ~ = h m -'1; as ~ is regular, this can only hold if hm :1 = 1, h = m E N. 
Thus fl is regular on H/N; further, S(H/N)~S(H)N/N generates H/N, so 
that the inductive hypothesis applies to H]N: ~ (H/N)=E. But '~ (H/N)= 
F4 (H) N/N, so in fact G (H) _--< N .  

�9 (5.5:2) I] ZI(H')=E, 'then H'~-JE, "so that I'4(H)~E. 
Proo]. Suppose that,  on the contrary, H '  4=E, but  ZI(H' ) =E. Then also 

H " 4  = E. As x can be restricted to H', and T(H') = T(H) ~ H', S (H') =- S (H) ~ H', 
(3.4) gives that H'=(T(H)~H')(S(H)c~H'). Since" T(H)~H' is abelian but 
H '  is not, S(H)~H'4=E. Also H "  is contained in {S(H)~H'}, by (3-5)- 
Consider now {S(H)~H'}. This is a finite soluble group, in fact a proper 
subgroup of H "(being contained in H').' Further, it is an ~-ihvariant sub- 
group, and so ~ can be restricted to {S(H)~H'} to show that  it is an A4= 
group. Finally, this group is generated by  elements that  are inverted by ~2. 
Hence the induction hypothesis implies that  {S (H)~H'} is nilpotent; since 
H "  is contained in {S(H)~H'}, i t  is nilpotent too, so that Zx(H" ) 4=E. As 
ZI(H" ) is characteristic in H, (5.5..!) ensures that ~----~(H) is Contained in 
Zi(H"). On the other hand we know that  H"--<~,  therefore F4=ZI(H")= 
H"4= E. 

Now g can be restricted to ~ ,  So thai Y4 is an A4-group and T(P4) = T(H) ~ I'~, 
S (~) = S (H)~ Ya; therefore, by (3.4), ~ = (T(H) c~I'4) (S (H) c~ I'4). If T(H)~ 

�9 = E ,  then F4~S(H)~(=S(H);  as G is normal in H, ~s(m = ~ S ( H )  too, 
so that (5.4) Says that  IF4, S(H)I=E. Since S(H) generates the whole of H, 
this means that-IF4, HI=E; afor t ior i  IF4, H']~--E, whence ~<=ZI(H'); but 
F4 4= E while Z1 (H') ~ E, a contradiction. It  follows therefore that  T(H) c~ I'44=E. 

This is the same as saying that Z 1 (H") c~ T(H) :~ E. For any s in S (H) ~Q,  
. . . . .  n z , ({q,  , E .  Now the application of (5.3) with l v , = ~  = 4 gives that s, 

{F4, s, s~} is normal in H (because sh=s~s, hi, Is, h]C~ for any h in H, etc.), 
it is also ~-invariant, and Z~ ({F 4, s, s~}) is characteristic in {/]4, s, s~}; hence 
(5.5A) can be applied to  ZI({F 4, s, s:c}) to conclude that Z~({F 4, s, sa}) must 

contain ~ .  Of this we only need only that [~,  s l ~ E  for any sES(H)c~ ,  
that'is, that  IF 4, S(H)~F~]=E. 

Consider next ~ .  Again it follows that Fa-~ ( T ( H ) ~ )  (S(H)~Fa). Since 
[ T ( H ) ~ ,  T ( H ) c ~ I ~  T(H)'=-E a n d  ~T(H)~ ,  S ( H ) ~ ] = E ,  we know 
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that  [T(H)~I '~ ,~]=E.  This shows that  T ( H ) ' ~ Z : ( ~ ) > T ( H ) ~ E .  
Choose now any s from S(H)~H' ,  and apply  (5.3) with N = ~  to obtain 
that  Zl({g, s, scr =~E. Again we see that {g, s. ~ / i s  normal in H and so 
on, finaliy (5.5.t) can be applied to prove that ~--<.2:({~, s, s~)). This means 
that  [~ ,  s.~ = E  for a n y s i n  S(H)r~H', thatis,  [~ S(H) H ] =E:  But wehave 
seen that  H' = ( T ( H) ~ H') ( S ( ~) ~ g ' )  , so the relations [ T ( H) ~ ~ , T ( H) r-, H'] <= 
T (H) '=E  and [ T ( H ) ~ ,  S(H)~H']-----E show that  [ T ( H ) ~ , H ' ] ~ - - E ,  

ZI(H'  ) ~  T ( H ) ~  =4=E. Thus we have arrived at a statement contradicting 
the initial hypothesis, and therefore (5.5.2) must hold. 

(5.5.3) I/ ZI(H!)~=E, then ~ ( H ) = E .  

Proo/. As Z:(H') is Characteristic 'in H, (5.5.t) implies at once that  
1] <=Z: (H'). Noting that  ~ can be restricted to ZI.(H' ), etc., one obtains that 
Z 1 (H') = (T(H) ~ Z: (H')) (S (n) c~ Z: (H')). If T(H) c~ Z~ (H 5 = E, then Z x (n') = 
S (H)*~Z1 (H') _C_ S (H) ; since therefore also Z i (H')SIHI = Z :  (H') _(S (H), (5.4) 
proves that [Z 1 (H'), S (H)] = E. As S (H) generates the whole of H, this means 
that  [Z~(H'),H]=E,~whence G<_Z:(H)=Z:(H),  ~----E. If on the other 
hand T(H)~2:(H'):4=E, then we can apply (5.3) to N = H '  and to any s 
in S(H); thus Z:({H', s, s~})~=E. Now {n', s,.so~} is obviously normal in H, 
so that  also ZI({H:, s, s~}) is normal in H; further, it is easy to see that 
Z~({H', s, sot})is ~-invariant, and then (5.5A) implies that ~ is contained 
in Z:({H', s, soq). Of this we only need that  [/]41 s~=E" for every S in S(H); 
since S (H) generates the whole Of H, this means that  ~ is in the centre of 
H, whence ~ = E .  -- In either case we found that ~ = E ,  but then (4.0) 
implies that  also ~-----E. 

So (5.5.2) and (5:5.3) prove tha t  :/~4=E, H is nilpotent of class at most 
three. This completes the proof of the theorem. 

Now let us turn to the ~nfinite case. 

(5.6) T h e o r e m .  Let H be a periodic locally soluble group, let (H, ~) C [A4], 
and assume that the elements that are inverted by ~ generate H. Then H is 
nilpotent o/class at most three. 

Using that  a periodic locally soluble group is always locally finite; this 
theorem can be derived from (5:5) by a routine argument (similar to the 
one used in the reduction part of the proof of (4..0)). 

6: The  general case 

Let us finally utilis the rather special results of the preceding two Sections. 
Their usefulness is apparent  in the light of the fact that if (G, x)E[A427 ] 
then G' is contained.in the subgroup H(G) generated by S (G) and so G" in- 
herits the nilpotency property of H(G). This immediate consequence on G' 
is further improved in the following theorem. 

(6.1) T h e o r e m .  I /  (G, o~) C [A427], and i/ the "subgroup H(G) generated by 
the elements o/ G which are inverted by O~ 2 is nilpotent, then the second derived 
group o/G is contained in the centre o/G. 
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The proof takes several steps. Instead of H(G) we write briefly H. 

(5.1.t) Aa(H)--E.  This is true because ~ can be restricted' to H, so that 
(4.0) proves that  ~ ( H ) - - E ;  square roots being unique in H, it follows that 
also A4(H)--E. 

Let A be the closure of F3 (H) in G. As a closed subgroup of the X-group G, 
A is itself a X-gr0up�9 H is clearly a-invariant and, according to (3'.5), H is 
normal in G; as ~ (H) is characteristic in H, it is also normal and a-invariant 
in G, and then so is A. 

(6.t.2) [A, H ] - - E .  

Pro@ Take A as the union of the ascending chain of subgroups 

A(1)~.. .~A(i)  < ... 

defined inductively as follows. Let A m be Fs(H)~ if A (il is already defined, 
ichen let A (i+1) be the subgroup generated by all x in G such that  x~EA (~. 
Now (6.t.1) implies that  [A (1~, H~=E, and if [zl (i), HI--E, then (B.5.6) 
implies that also [A(~+I),H]--E. So we have that  [A (0, H]--E for all' i, 
and so in fact [A, HI----E. 

For the rest of the proof of the theorem, x, y, u, v denote arbitrary elements 
Of S (G), while t and t' are arbitrary elements Of T(G). 

(6.t.3) Ix, y] ~ = Ix, y ] - lmodA.  

Pro@ Let us work out Ix, yJ~2: 

v n y v l  ):-1 Ix, y] ~ - Fx-i, y-l] --LX, yj -- Ix, y] [x, y, y-1 x-l] 

= Ix, y] :~, y, x -1] Ix, y, y-W-' 

= Ix, y] (:x, y, x ] - l ) :  (ix, y, y ~ - l ) , - , :  

- -  Ix,  Y] Ix, y; x] -1 Ix, y, y]-I hy (6.t.2), 
- [~, y] ( [ < y ,  y] [~, y, x?)-~; 

with d~([x,  y, y][x, y, x])~rCA this can be written as Ix, y]o~2--[x, y]d 2. 
From the proof of (3.4) we know, that �9 (g-lgcc~)a C S (G), g (g-lgo:) a C T(G) for 

�9 every g in G. Applying this to g--IX, y], we get that d-lC S (G) and that  
[,,y]d-lEr(a). Now (3.3) yields that (Ix, y]d-~)o~=-([x~y~d-1)-l, whence 
Ix, y]o~--d[x, y]-Xdo~" using (6.t.2) we see that this is the same as Ix; y ~ - -  
Ix, y]-ldd~, so that IX, Y]~ =IX, y] - lmodA.  

(6.1.4) .[x, y o*] = Ix o~, y] mod A. 

Proo]. Since yokES(G), we may substitute y~ for y in (6.1.3): 

[x,.y:o~] ~ =-- Ix, y e]-t  mod A: 
But also , 

Ix, y a] ~ = ~x,r y -1] _ (Ix ~, y] -x) y-' = IX e, Y] -1 [Ix e, y] ,1, y -x] = [x cr y] -1 rood A, 
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SO we have that [x, yc~] -1= --  [xe, yl- lmodA. Taking inverses on both sides, 
we get the required congruence. 

(6.t.5) [a,b,c]~--[a,c,b][c,b,a] /or every, a,b, cCH.  

This follows from (2.1) and (6.1.t). 

Nowone  can work out relations Similar to (4.3.2)--(4.3.7) Using an exact 
analogue of the corresponding part of Section 4, consistently referring 

~to A instead of A~, 
E A4, 
equality congruence modAt ,  
(6.t.2) [& ,  K] < & ,  
(6.t .3) (4.2A), 
(6.1.4) (4.2.2), 

(6A.5 )  (4.3.1): 

The relations so obtained, in particular those corresponding to (4.3.6) and 
(4.3.7), with further application of (6.t.2) and (6.t.4), yield the following line 
of equalities : 

" (6.t.6) [x, y, u I ~ = [xx, y, u] -1 = [X, Y o~, u] -1, = [x, y, u ~]-1. 

(6.t.7) Ex', y', , ]  = E~, y, u] .  

Pro@ While proving (6.t.3) we saw that, for a certain d in A, [x, y] d ~1 C T(G). 
By (3.3), T(G) is abelian and so (Ix, y]d-1)t=[x,  y]d-1; whence [ x, y ] t=  
Ix, y]d-Xd t. Put d=ldt=d'; as A is normal in G, this element belongs to A. 
Then, by  (6.1.2),. 

[<~y ', ~,1 - [ [x, y]', ul EEl', y]  d', u! = [x ;y,  u] d" [d', u] Ex, y, h i .  
~ t -1  . (6.t.8) Ix, y, u'] Ix', y; ~,1 [ , u, y] [u, x; y'-'] 

Pro@ As S (G) r(G) '--S (G) (see the. proof of (3.5)), x', x ~-', y'-', u' all belong 
to S (G). This makes it possible to apply the  relations proved above: 

Ix, y, u'] = [ x ,  u', y] [U', y~ x], by (6.t.5), 

= [x ~-!, u, y] [u, y-l, x], by (6.t.7), 

=[x",u,y]Lu, x,y'-'][x, yC, u]~ by (6,1.5), 
- -  X / -~  " X -~ , - -  [ , u, y] [u, , 3/ ] [x', y, u] by  (6.1.7),  

[x ~, y, u] ,-1 ---- Ix , u, y] Eu, x, yt-1], by (6,t.t). 

(6.1.9) [x, y, u, t] = t .  

"Pro@ Let us write down (6.1.8) with um -~ (CS(Gi) in tile place of. u; 
mapping both sides by ~-, changing to inverses and using (6.t:6) we  obtain 
that Ix, y, u t-l] = Ix t, y, u] [x~ -', u, y] [u, x, yX-1]. Comparing . this . with the 
original form of i6.t.8) we get Ix, y, u*-'] = Ix, y, ut]. Transform this equality 
by t and use (6.t.7) to obtain, IX, y, u] = Ix, y, uS']. From (6.t.7) i t  follows 



292 L.G. KovAcs: 

also that [x, y, u]t'= Ix, y, ut'l. Comparison of the last two equalities shows 
t2 that [x, y, u] = Ix, y, u], so that [x, y, u, t 2] = t. Then (B.5.6) proves that 

also Ix, y, u, t] = t. 

(6.1.t0) [A, G] = E .  

Pro@ As H is generated by S(G), ~ (H)  is the normal closure (in H) 
of the .subgroup generated by all commutators of  the form [x, y, u]. From 
(6.1.2) and (6.1.9) we know that [x, y, u] commutes with both of S(G) and 
T(G); as these two sets generate G, Ix, y, u] commutes with the whole of G. 
Consequently, the subgroup generated by  the [x, y, u] is in the centre of G, 
thus it is its own normal closure ~ (H), whence [~ (H), G] = E. Again (B.5.6) 
is needed to conclude that [zJ, G 1 = E. 

(6.t.tt) [x, y , t ]= l .  

Pro@ In the course of proving (6.1.3) we saw that, with a suitable 
d (~A), Ix, y]d-ICT(G).  Since by (3.3) T(G) is abelian, [Ix, y]d-l, t l = t .  
But [Ix, y]d -1, t I = [x, y, tld-'[d -1, t] = [x, y, t I by (6.t.t0), and so Ix, y, t] = t .  

(6.t.12) [ , ,  y, [u, t]] = t. 
prool. [~, y, [u, t]] = [~,  y,  ~-1 t-1 ~ t] 

= Ix, y, t I Ix, Y, u]' [x, y, t-l] u' [x, y, u-ll '-'u* 

= [x,y,u]tEx,  y,u-!]u!, by (6.t.9) and (6.tJ1), 
= [X, y,  "1 t ([X, y,  " ] -1)  u-t~` = t .  

(6.t.13) [u, t; [v, t'], T(G)I = E.  

Pro@ Using (6.1.1), [u, t, Iv, t'li = [u -1 ut, v -1 v r] 

"-- [ . : I ,  v"]~' [ . ' ,  ~"] [.-~, ~-~]"'~" [ . ' ;  ~-i]~" 
U - 1  . [ . - , ,  v"] E , r  [~', v"] [u- l ,  ~-,] [ . - i ,  ~-i, v"] [~-i,  ~-,, u'] x 

r 

x [~', ~,-i] [~,, v-', r  

as u t, v r E S (G), this shows that [u, t, Iv, t']] is a product of commutators of 
the form Ix, y] and IX, y, u I. Since by (6.t.tt) and (6.t .9)these all commute 
with T(G), so does [u, t, Iv, t']]. 

(6A.t4) [u, t,'[v, t'], S(G)] ----E. 
Proot. Takeany  x from S(G)and expound [u, t, Iv, t'], x] = [ ~ - l . t ,  7)-lvt', x] 

using (6,.1.,I); it becomes 

[u, v, x] [u, v", ~]-! [u', v, xt-! [u', r X] . 

Now if one splits up each *erm according to (6.1.5), uses (6~1.7) and (6.t.9/', 
then. after cancellations on~ is left with 1. 

�9 (6.t.t5) G' is generated by the commutators o] the /.ormi[u, v] togaher with 
those o / the /orm [u, t]. 
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Proo/. (3.4) can be modified to show that  any two elements gl, g~ of G can 
be written as gl----ut, g.,----vt' with some u, vC S(G), t, t' ~ T(G): Then 

[gl, g2] = [u t, v t'] -~ [u, t']t [t, t'] [u, v]" It, v]" 
= [u*, t;] [u, v! 't' It, v"], (since ,by (3.3), T(G)'= E~, 
_ _  - U  t - -  [ , t ' ]  [ ~ v ]  [v",t] -~, by (6.1.11); 

as u t and v t' belong to S (G), one .can see that  [gl, g2] is, a product of com- 
mutators of t he  recLuired form. Since every element of G' is a product of 
commutators like [gl, g2], this proves the statement. 

(6.t.t6) G"<=ZI(G ). 
Proo/. Let us consider the subgroup K generated by the (ordinary second) 

commutators formed from the generators of G' which are given in (6.1.t5). 
Every ix, y, [u, v]] is trivial by (dAA), and every Ix, y,[u,  t]] is trivial by  
(6AA2), so that in fact K is generated by the [u, t, Iv, t']]. 'On the other 
hand, according to (6.t.t3) and (6.1A4), all the [u, t, Iv, t']] commute with 
T(G) and S (G). Since these two sets generate G (see (3.4)), this means that  
K is central in G and a fortiori normal in G'. But the normal closure of K 
in G' is just G", and so we have that G"=K<=ZI(G ). 

Thus we arrive at the main results of the paper. 
(6.2) T h e o r e m .  I/  G~is a locally nilpotent group, and i/ (G, m)C [A4],. 

then lhe second derived group o/G is contained in the centre o/G. 
Proo/. According to (3.7), we can apply (2.3). This says that there exists 

a locally n i lpo ten t / -group  G* such that (i) G* contains G, (ii) "to every element 
g* of G* there is a number n=n(g*) for which (g*)2"EG, and (iii) *r can be 
extended in a uriique:way to an automorphism fl of G*. I t  is easy to see that 
fl is regular :if g*fl---- g*, then the equalities (g.fl)2,=_ ((g.)2-) r _  ((g.)2-) ~_= (g.)2- 
show that,  since m itself is regular, (g*)*"--- 1 ; as G* is a / - g r o u p ,  this means 
that g*----.l. Further, we verify that  the order of fl divides. 4: the relations 

(g.f14)2~= ((g.),,)fl,~_ ((g.)2-)m4= (g.)2- give that  g*fl*=g*, for every  g*CG*. 
Finally, fl can be restricted to H(G*) and then (4.0) proves that  H(G*) is 
nilpotent. So we can apply (6.t) to G*, and the conclusion is obviously 
inherited by G. 

(6.3) T h e o r e m .  I/ (G, ~)C [A,], and i/ G is periodic and locally soluble, 
then the second derived group o /G is contained in the centre o/G. 

Proo/. As a periodic local!:r soluble group, G is locally finite, so that  
(3.2) show's that  G is a 2:-group. Clearly H(G) is also periodic and locally 
soluble, and m can be restricted to H(G), so that  (5,6) implies that  H(G) is 
niipotent. Thus we can refer to (6.t), and the proof is-complete, 

7. Examples 
I n  this last section we give some examples to show that the results presented 

inl this paper  are in a sense the best possible. We confine ourselves to the 
description of the examples, omitting the straightforward but  sometimes 
tedious verifications. 
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(7.1) F i r s t  we give the  smal les t  non-metabe l i an  A4-grou p. Let  us s t a r t  
wi th  a free n i lpotent-of-c lass- two group K 0 on the five genera tors  s o, Sl . . . . .  s4 ~. 
Impos ing  exponbnt  three  and the  re la t ions  Is i, s]] [sj+k, si4~] = t (i, j , k = O ,  
. . . .  4; / ' + k  and  i + k  to be t aken  mud 5), we get  a fac tor  g roup .K1 of K 0. 
I t  can be seen t ha t  K~ is gene ra t ed  b y  ESo, sl] and  [s o, s2], and t ha t  these 
c o m m u t a t o r s  are independen t ,  so t h a t  the  o rder  of K 1 is 3 L Now take  an 
i somorphic  copy  K 2 of K1 genera ted  in a corresponding w a y  b y  ro, rl . . . . .  r4. 
Let  H he the  genera l ized  di rec t  p roduc t  of K 1 and  K 2 a m a l g a m a t i n g  [So, s~] 
wi th  [r o, rl] -1 and  Is o, s2] with [r o, r2] -1. Then H is of  o rder  .312, and  i t  can 
be seen t h a t  the  mapp ing  z defined b y  s i z = s i+~, r i ~ = r i_  ~ is an au tomorphis l~  
of H of o rder  5 .  F ina l ly ,  let  us t ake  the  sp l i t t ing  extens ion  G of H b y  an 
e lement  t corresponding to v, such t ha t  t s =  t ,  s~=si+ 1 and  ~ = r i _  1. Clearly 
G is of order  5'312; fur ther ,  i t  is soluble and has de r ived  length  three,  bu t  
i t  is not  n i lpo ten t .  A regular  au tomorph i sm 0~ of o rder  four can be defined 
on G b y  sio~=r i, r i ~ = s ~ ;  and  to~=t -~. 

(7.2) R e p e a t i n g  exac t l y  the  above  cons t ruc t ion  bu~ replac ing  5 b y  some 
power  of 3, one can get  n})n-metabelian Aa-groups which are n i lpo ten t  of 
a rb i t r a r i l y  high class. The direct  p roduc t  of an in f in i ty  of such groups of 
increasing class provides  a local ly  n i lpotent  bu t  not  n i lpo ten t  A4-grou p. 
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