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Groups with regular automorphisms of order four

By
L.G. KovAcs

1. Introduction

An auntomorphism of a group G is called regular if it moves every element
of G except the identity. BURNSIDE proved that a finite group & has a regular
automorphism of order two if and only if G is an abelian group of odd order,
and then the only such automorphism maps every element onto its inverse
([2], p. 230). More recently several authors considered the question: what
groups- can admit regular automorphisnis of order a prime p? B. H. NEU-
MANN [8] and M. NaGata [7] extended the original theorem about the case
p=2 to variou$ classes of infinite groups. The case p=13 appeared in the
second edition of BURNSIDE’s book ([3], pp. 90—91), and this theorem was
also generalized by NEUMANN [9]. For arbitrary p, the results so far can
be summarized as follows. If a locally finite or locally nilpotent group G
has a regular -automorphism of prime order $, then G is nilpotent and its
class is bounded in terms of p (G. Hicmax [4] and- J. THOMPSON [10]).

In this paper we consider groups which admit regular automorphisms of
order four. For this case one cannot obtain results like those quoted above.
Finite nilpotent groups of every class have regular automorphisms of order
four; hence locally nilpotent but non-nilpotent groups have them too. There
are also non-nilpotent finite soluble groups, both metabelian and non- -
metabelian ones, that admit such automorphisms. (Examples are given in
the last section of the paper.) What we can prove is that if G 7s either a -
locally nilpotent or a periodic locally soluble group, and if G has a regular auto-
morphism of order four, them the second derived group of G is contained in the
centre of G.*) The examples just mentioned show this conclusion to be in a
sense the best poSsable '

An outline of the proof is the followmg

Let G be an arbitrary group with a regular automorphism o of -order four,
and let us consider the action of a® It is clear that «2 need not be regular:
the elements of G fixed by «? form a subgroup T(G). The restriction of a
to this subgroup is a regular automorphism of order two and so; under any
of the conditions that we later adopt, T(G) is abelian and its elements are
all inverted by «. It is more difficult to see what happens to the elements

*) [Added in proof, 31.12.1960.] Dr. B. HurpERT has kindly informed me of a new
théorem of D. GorenstEIN and I. N. HERSTEIN, according to which a finite group with
a regular automorphism of order four is always soluble. Hence in our result the condition

‘“‘periodic locally soluble’’ could be replaced by ““locally finite”’.
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on which «? acts as if it were regular, that is, which are inverted by &2 The
set 5(G) formed by these elements need not be a subgroup., However, if we
assume that every element of G has a unique square root in G, then G is
the product of T{G) and S(G). This then implies that the subgroup H(G)
" generated by S(G) contains the derived group of G.

Here we turn to the investigation of H(G). Since H(G) may coincide
with G, and in any case « can be restricted to H(G), we may consider H(G)
without further reference to G. Thus let H be an arbittary group which has
a regular automorphism « of order four, such that the elements inverted by
«? generate H. Assuming that H is locally nilpotent, commutator compu-
tations give that H is nilpotent of class at most three. Then we prove (by
induction on the order of H) that the same conclusion holds if instead of
local nilpotency we assume finiteéness and solubility, and hence also if H is
taken to be only periodic and locally soluble.

Returning to G with the condition on roots, we show that if H(G) is
nilpotent, then the second derived group of G is contained in the centre of G.
Here again some computational work is involved, but after this the main
theorems follow immediately. Namely, let G be an arbitrary group with a
regular automorphism « of order four. If G is periodic and locally soluble,
then the condition on roots is automatically satisfied. If G is locally nilpotent,
then it can be embedded in a locally nilpotent group which satisfies the
condition on roots and admits an extension of « as a regular automorphism
of order four. So the previous theorems can be applied, and in either case
we get that the second derived group of G i$ contained in the centre of G.

_ The major part of this paper was presented to the University of Man-
chester for the degree of M. Sc. It is a great pleasure to record my gratitude
to Dr. B. H. NEUMANN, both for suggesting this topic to me and for his
genérous advice and guidance throughout. I also thahk the University
College of North Staffordshire for the Research Studentship which enabled
me to carry out this work.

2. Notations and quotations

We follow the terminology and notation of KUrosH [§], apart from the
exceptions and with the additions given in the first.part of this section.

Let G be any group; then HCG means that H is a subset, and H<G
means that H is a subgroup of. G. When H is a normal subgroup of*G and
a, b are elements of G belonging to the same coset of H, then the congruence
a="b mod H may be used as a convenient way of recording this situation.
We need the usual abbreviations a’=b5ab and [a, b]=atbab in the
following extended forms. For two subsets 4, B of G, the symbol A% denotes

the set of all elements a® with @€ A4, b€ B. The n-th commutator [k, ..., A,]
of the elements_ ky, ..., h, of G is defined recurs;vely, by Ty, oo byl =
(A, vy Bysl By 1E Hl, ..., H, are subsets of G, then [H,, ..., H,] stands

“for the subgroup generated by all the commutators [hl b with iy €Hy s,
h,cH '
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The derived length of a soluble group G is the-smallest integer # such -
that G — the n-th derived group of G — is the unit subgroup E. Metabelian
groups are the soluble groups of derived length two. We write the lower
central chain of G as G=I;(G)=TI,(G)=---, and the upper central chain
of Gas E=Z,(G)=Z, ()< - )

In the course of computations, the followmg identities are used without
further reference:

a®-=ala,b],

[b,a]l =[a,b],
[a,061] =[b,a]"",
[a7, b1 = [4, 6],
[ab,cd] =[a,d) [b,d] [a,c]"?[b,c].
Another important identity is
(2.1) [a, b8, ¢ [b, o8, a [¢, a4, )0 = 1;

we make a point of quoting it by number whenever it is applied.

Next we collect some definitions and results on groups with unique square
roots. We take most of them from BaumsLAG’s thesis [7], but our notation
is slightly different and the quotations rarely verbatim: as we use only special
cases of his concepts and results, we do not quote them in their full generality.
The numbering of the statements follows that in [1]; for instance, (B.5.1)
stands for (a possibly simplified form of) (5.1) in [I]. ‘

Let G be any group, and g€G. If x2=g (¥€G), we write x=go and say
that x is a square root of g. If ¢ is a single-valued function (on the subset
of G where it is defined at all), then we call G a Il-group, or write for short
that Ge[[I]. If G€[IT] and if ¢ is defined on the whole of G, then G is called
a X-group; for short, GE[X]. »

(B.5.1) -A periodic group G is a Z-group if and only if G has o element
of order two.

(B.5.3) If Ge[II], if 5 is any mdomor;bhzsm of G, and if g is any element
of G such that go exists, then (gn)o ulso exists and (gn)o= (ga)n :

(B.5.6) If Ge[II] and g, hEG, then [g¥°, h¥" =1 (n, m non-negative mte-
gers) is equivalent {0 {g, h]=1.

Agaln let G be any group. A subset H of G is closed (in G) if 22€ H (x€G)
implies that x € H. (We usually omit the reference to G as it is always clear
from the context which group plays its role.) The intersection of closed subsets
is closed. Let ¢/(H) be the intersection of all closed subgroups of G that
contain H; this is the minimal closed subgroup that contains H, and it is

_called the closure of H in G. A constructive definition of ¢I(H) is the follow-
ing. Let H, be the subgroup generated by #, ..., let H,,, be the subgroup
generated by all ¥ (€G) such that x2EH .... Then c¢I(H) is the union of

‘Mathematische. Zeitschriit, ‘Bd. 75 = - ’ 20
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Hy,...,H,;, .... — If His normal, chardcteristic in G, then c/(H) is also
normal, characteristic in G, respectively. We shall use 4;(G) to denote the
closure of I;(G) in G.

Any closed subgroup of a X2-group is itself av2-group.

Anideal is a normal subgroup N of G such that G/N is a IT-group. Every
ideal is closed.

(B.9. 1) If H, K are subsets of a IT-group and if [H, K1=E, then also
[cl(H), cl(K)]=E

(B.9.2) All terms of the upper central chain of a Il-group are ideals.

(B.9.4) A locally milpoteny, group is a Il-group if and only if it has no
element of order two.

(BX.5) Any closed normal subgroup of a locally wilpotent group is an ideal.

(B.A0.2) If G is a II-group, and if H is an ideal and K a subgroup of G
such that [H, K]=E and cl(K)=H, then cl(KH[H)=cl(K)[H.
" M. LaZARD has proved the following statement (in a more general form;
[6], pp. 180, 186): A

(2.2) If G is a locally nilpotent growp without elements of order two, then
there exists a locally milpotent X-group G* such that (1) G* contains G, (ii) fo
every element g* of G* there is a number n=mn(g*) for which (g*)2" belongs to G,
and (iii) every automorphism of G can be extended in one and omly ome way
to an auntomorphism of G*.

Now we turn to automorphisms. Let us repeat that an automorphism «
of a group G is called regular if ga=g (g£G) implies that g=1. For brevity
we shall say that G is an A,-group if G has a regular automorphism whose
order divides #; sometimes we shall write (G, «) €[A,] to express that e is
such an automorphism of G. We shall also use (G, «) €[A,IT], (G, o} € [A, Z]
if snnultaneously (G, ) ¢[A,] and Ge[IT], (G, o) €[A,] and GE[X], respec-
tively.

" We need a remark of G. Zarpa [11]:

(2.3) If «'is a regular automorphism of a finite group G, then every element.
g of G can be writlen in the form g=x"'xa with some xCG.

Again we repeat that if (G, «)€[A,], then T(G) is the set of all ¢ (€G)
such that fa?=¢, and 5(G) is the set of all s (€G) such that sa?=s". Clearly
T(G)a=T(G), S(G)a=S5(G); and T(G) is a subgroup of G.

Finally, two of. the results mentioned in the introduction have to be
stated precisely for reference in the sequel.

(2.4) (Neumany [8]) If (G, (x)E[A )_'.'] then G is abelian and ga=g™ for
every g in G.

(2.5) (Nacata [7], HicMman [4]) If G is a locally.ml;ﬁotent grouja and if
(G, @) €[A,], then G is abelian and gau=g™ for every g in G.
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: -3. Preparations

We start with a purely technical remark.

“(3.1) If «is a regular automorphism of a finite group G, then an equality
of the form an=a® (a, g€G) can hold only for a=1. Indeed, according to
(2.3), ax=a¥ yields ax=a*"** with some x in G, whence (" )a=4"", and,
as « is regular, this can only happen if a*'=1, a=1.

Next we present four lemmas on A,- and 2-groups.

(3.2) Lemma. If (G, ) €[A,] and G is locally finite, then G is a E-group.

Proof. Take an arbitrary element g of G and consider its a-orbit, that is,
the set consisting of the elements g, ga, go?, ga®. The subgroup K generated
by these elements is finite and a-invariant; as such, it is the union of a finite
number of disjoint a«-orbits. Since the a-orbit of any non-identity element
of G consists either of two or of four elements, it follows that the number
of non-identity elements in K is even, the order of K is odd. Hence g itself
is of odd .order and, as g was arbitrary, the same holds for every element
of G. Thus (B.5.1) proves the lemma.

(3.3) Lemma. If (G o) E[AL], then T(G) is abelian and ta=14?2 for
every t in T(G). ’

Proof. i t€ T( ) then, using (B.5.3), we see that (to)e®*=(ta?)0o=t0,
so {0 also belongs to 7(G). This shows that 7'(G) is a closed subgroup of G;
as such, it is itself a X-group. If f§ denotes the restriction of « to T(G), ‘then
(T(G), B) €A, 2], and so (2.4) implies the statement of the lemma.

(3.4) Lemma. If (G, o) E[AL], then every elément g of G can be written,
in one and only one way, as g=ts with 1€ T(G), s¢ S(G). ‘

Proof. ILet us first assume that g={ts, 1€ T(G), s€S(G). Then'g‘locz:
(s at=st1, so glafg=s?, s=(glalg)o; sl1=(s?)lo=(glgu?) 0, =
gs1=g(glga®) o. This shows that no _eIerrient of G can be written in the form
g=1s in more than one way. ,

On the other hand, using again that (x0) = (x1) o with x=ga2g, we
always have that g=g - (g7lga2)o - (ga2g)o; so we have to prove only that
glggo®)o=1€ T(G) and (g a?g)oc=5€ S(G) for every g in G. (B.5.3) enables
us to argue that :

((62a2g) o) o2 = ((glag) o) o = (g g ) o = (g7 a%) o) 7,
so indeed (gla2g)o=s€ S(G); using this,

(gs) et (gs™) = gatssgt =gai(glalg) g =1,

so that (gsYHYat=gs, gs1=¢€T(G). .

(3.5) Lemma. If (G, a) E[AZ], then the subgroup H(G) generated by S (G)
contains the derived group G' of G.
. Proof. First one shows that H(G) is normal in G. If s€ S(G) and tE T(G),
then (s)a®=(s)'=(s")"%, so that s'C S(G); whence S(G)T')=S(G). As (3.4)
gives' G=T(G) S(G), we have that S(G)¥=S(G)T©5C=S(G)5 CH(G),

' 20*
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and so indeed H{G)®=H(G). From (3.4) it follows also that G% TG H(G),
whence ’
GIH(G) = T(6) H(G)H(G) = T(6)|(T(G) ~ H(G)),

which is abelian according to (3.3). This proves that H(G) contains G'.

On locally nilpotent A,groups we have two similar lemmas. The first
of these can be proved in the same way as (3.3), except that one has to use
(2.5) instead of (2.4). .

(3.6) Lemma. If (G, a)€[A,] and if G is locally nilpotent, then T(G) is
abelian and ta=17 for every t in T(G)..

(3.7) Lemma. If (G, oc)E[A,_;}\and if G is locally ml;botent then G has
no element of ovder two.

Proof. Take any element x of G such that ¥2=1, and consider the sub-
group K generated by x, xa, v«? and xad. Then K is generated by a finite
number of elements whose:orders divide 2, therefore K is nilpotent, finite,
and its order is a power of 2. On the other hand, « restricted t¢ K is still
a regular automorphism of order dividing 4, so that (3.2) and (B.5.1) imply
that the order of K is odd. Hence the.order of K can be cnly 2% proving
that x=1. ’ '

In the following two lemmas we turn to direct preparation for Section 4.
There, in course of investigating a certain nilpotent A -group, we shall need
homomorphic images of lower nilpotency class which admit regular auto-
morphisms induced by the particular automorphism of the original group.
Here we prove that such images are provided, for instance, by the homo-
morphisms corresponding to the closures A, (G) of the members I;{G) of the
lower central series of the group; also, that these closures 4,(G) form a
central series of the group which inherits an analogue of the well-known
property [I;(G), I{G)]=I;,;(G) of the lower central series of the group.

(3.8) Lemma. If G is a wilpotent growp without elements of order tivo,
then [A,(G), 4;(G)]1=4,.,(G) (for every 1,1=1,2,...).

Proof. This is done by induction on the nilpotency class ¢ of G. For

c¢=1 the statement is obvious. If ¢>1, we assume that the statement holds
whenever the class of the group considered is less than ¢. — We have G=Z2_(G),

La(6) =4, (6)=A, 11 (6) == E, L(G)SZ(G). From (B.9.4) we know
that Ge[I1]; by (B.9.2), Zl(G) is an ideal, so it is a fortiori closed. Hence
A,(G)=cl(I}(G))cl(Z (G)) ,50 [1(G), A,(G)]=E; A,(G) is closedand

normal in G so by (B.9.5) itis an 1deal finally, if ¢< ¢ then A (@) =cl([;(G))=
cl(I(G)) = 4,(G). Thus (B.10.2) maybeapphed 4, (G/A (G ))—cl( HGI4,6)) =
cl(I3(G) 4,(G)]A,(G)) =cl ([}(G ))/A (G)=4,(G )/A (G) for 1=<¢, and this can be
extended to any 7 by writing it in the form 4, (G/4,(G))=4,(G) 4,(G)/A.(G).
Now G/A,(G) is of class ¢—1, so the induction hypothesis gives that
[4,(G14.(6)), 4;(G14.(G) S Ay (GIA(6)),
[4:(6) 4.(6)/4.(G), 4; (G)A (@)]A,(G)] £ 4,;(G) 4.(G)|4,(G),
[4,(6) 4.(6), 4,(6) 4,(6) = 4,.,(6) 4,(6);
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whence, using that 4,(G) = Z,(G), oneobtainsthat [4,(G), 4, (G) ] =4, ;(G)4.(G).
For i+j=<c the right hand side is simply 4, (G)_(smce 4,4,(G)=4,(6),
so for this case the statement is verified. If however i4j>¢, then 4, (G)=E
and from [I(G), I}(G)]=I,,;(G)=E it follows by (B.9.1) that also

[4,(G), 4;(G)]=E. This completes the proof.

(3.9) Lemma. Assume that (G, o) € [A,] and that G is nil;boteht Then o
induces regular automorphisms «; on the G/AHI( ), for every i=1, 2,

Proof. This again is ‘done by induction on the nilpotency class ¢ of G.
If ¢=1, we have nothing to prove: G/4;,,(G)=G, a;=a for all 5. If ¢>1,
let s assume that the statement of the.lemma is true whenever the class
of the group considered is less than ¢. The cases i=c¢, c¢+1, ... are again
obvious. :
Take first G/4,(G); since A (G) is characteristic, the mapping «,_, defined ‘
by (84,())a,_1=(gx)4,(G) is indeed an automorphism of G/4,(G). If
. (g0) 4,(G)=gA,(G), then ga=gd with some d€4,(G). (3.7) enables us to
recall from the proof of (3.8) that A,(G)<Z,(G). Thus dcZ,(G), and so
(ddada? do)a=d do do? do?; as o is regular, this means that d da de®>dod=1.
Using this relation and the fact that also dea, da?, dadCZ(G), we get for
b=dre?. d 20 - 478 that

hlha=dd*ade?dlad3d2ad 3o =d*(ddadaldad)l=4q"

On the other hand, ga=gd and d€Z, (G) yield gta=g*d*. Thus d*=ggta=
hlha, therefore (hg % )a=hg™; as « is regular, we have in fact .that gt=
k€A, (G). Since 4,(G) is closed, this can only hold if g is in 4,(G). So we
have proved that &,_, is regular on G/4,(G).

For i< ¢ —1 we refer to the induction hypothesis. This applies to G/4,(G)
and e,_;: the automorphjsms induced by «,_; on the G/4,(G)/4;.,(G/4,(G))
are regular. Recalling from the proof of (3.8) thatAl+1 (G|A,(G )) AH—I( ) A(G),
one sees that these are in fact automorphisms of the G/4,(G)/4;1(G)/4,(G) =
G/4;.1(G), induced by a through «,_,, and this was to be proved.

4. A class of locally nilpotent A, -groups

Following our set course, we now proceed with the study of an arbitrary
group H which has a regular automorphism « of order four, such that the
elements inverted by o2 generate the whole of H. It seems natural to start
by imposing strong conditions on H. For instance, if we assume that H
is finite and nilpotent, can we get a bound for its nilpotency class? The
answer is in the affirmative, and with the help of the lemmas presented in
the previous section the whole argument carries over to the locally nilpotent
case. We give it at 'once in this general form.

(4.0) Theorem. If H is a locally wnilpotent group, if (H,a)E[A,], and
if the elements that ave inverted by o? gemevate H, then H is nilpotent of class
at most three.
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The proof splits into several steps and occupies the rest of the section,
where we always assume that the premisses of the theorem hold.

(4.1.1) The first step is a reduction. Since H is generated by S(H), I,(H)
is generated by all commutators of the form [s;, ..., s,] (s, ..., s, €S (H))
together with their conjugates in H. So if we prove that [s;, ..., s,]=1 for
any four elements s, ..., s, of S(H), then in fact we prove the theorem.
To achieve this, we cons1der four arbltrary (but for the rest of the proof
fixed) elements s, ..., s, of S(H), and then the subgroup K generated by
Spy eeesSqs Sp0L .uu, Sgl, and prove that K is nilpotent of class at most three.

{4.1.2) If B denotes the restriction of a to K, then (K, B)€[A,]. As a
finitely generated subgroup of H, K is nilpotent of some class ¢. Also,
S(K)=S(H)~K, so K is generated by S(K). From (3.7) and (B.9.4) it
follows that K is a JT-group.

We want to prove that ¢=<3; it is convenient to restrict ourselves to the
case ¢=9% and then prove that c=3.

(4.1.3) In the rest of the proof, we write briefly I, 4;, and Z; for I}(K),
4;(K), and Z,;(K). From (3.8) it follows that the 4, form a central series of K;
as the length of such a series cannot be less than ¢, and as 4, ,=E, all the
A, Ay, ..., A, are distinct. According to (3.9), B induces regular auto-
morphisms §, on the factor groups K; =K|A; 4 (i=c). Each K, is nilpotent
of class exactly 7, and from (B.9.5) it follows that each K, is a Jl-group.

Almost all the steps that follow are concerned with the derivation of
congruences between commutators of arbltrary elements of S(K). We use
throughout withont further mention that congruences modulo /; automati-
cally hold modulo 4;, and also that the 4, are characteristic in K.

Let then %, y, u,v denote arbitrary elements of S(K); in this case also

xB, yB, uf, vES(K
(4.24) [ y]f =[x y]tmod 4;.

Proof. Since [, y]f2=[x"1, y1] =[x, y] mod 45, we have that ([x, y]4,) B2
=[x, v]ds; therefore [x, y] 43¢ T(K,). According to (4.1.3), (3.6) applies to
T(K,)and gives that ([, v] 4 ) Ba=([%, y]45)%, whence ([x, ¥] ) dy=[x,y] 43
and so (4:2.1) holds.

(4.2.2) [% yp]=[xp, y]mod ;.

Pr;)of. [, yB]B=[x8, vl = [xﬂ yj‘lmodA3; on the other hand, by
(4.2.1), [#, vB]B=[#, yB]. Comparing these we get that [x, yB] = [xp, y]7,
so indeed [x, yf]=[xf, y]mod 4j.

(43.1) [a,b, cl=Ia,c,b][b,¢c,a]*mod 4,, for every a;b,c€ K.
This follows from (2 1).
4.3.2) [x9,uf] =[x, u yp][y,u xf]*mod 4,.
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Proof. Apply (4.3.1) with a=«, b=y, ¢=u, and map the resﬁlt by B:

[[x,y18,uB] = [[x, 4] B,y B] [y, u] B, xf] " mod 4,.

Now use (4.2.1) and (3.8):
[[% 1% up] = [[x u]™ y B] [[y, u]™, x f] mod 4,,
(%, v, 4p]7 = [%,u,y ] [y, 4, xfl mod 4,.

Taking inverses on both sides, we obtain the statement.

Similar Teasoning leads to the following three congruences:
(433) [x,y, 4B} =[x, 4B, v][y,up, x]*mod ;.
(43.4) [x,u,58]=1[%y8 4][y,4p, x] mod 4,.
(43.5) [v.u,281=[x 98 4] [x 4B, yvImodA,.
(43.6) [x,y,upf]=[x98 u]modA4,.

Proof. By (4.3.2),

(%, v, up]?=[%v,up][x % yB] [y, u, x ] mod 4,.
Substituting the terms on the right hand side from (4.3.3), (4.3.4), and (4.3.5),
after cancellations one gets that [x, y, uf§12=[x%, ¥, #]*mod 4,. So :

(2. y, w1 Ag)2 = ([x, y B, u] 4y)*
and, since K,c[I1], this implies that
[x"y’ u’ﬁ] A4 = [xr yﬁ: u} A4'

(43.7) x84l =[xy, 4 mod 4,.

This follows from (4.3.6), using (3.8).

(4.41) [x, 9, u,v] =[x, v, v,u]mod 5.

Proof. By (4.2.1), there exist z; w4, such that [#, y]f=[x, v]™z and
[#, v]B=[u, v]2w. Using (3.8) we obtain that _
(%, v, [u,v]] 8=][x, vtz [u, v]w]=[[x, y]‘l, [u,v]] =[x, y, [#,v]]mod 4;.

Hence ([#, v, [, v]] 45) fa=[#, ¥, [#, v]] 45, and as B, is regular on K, this can
only hold if [¥, y,.[u, v]]€4,. Similarly one verifies that [«, v, [, y]]€4;.
Now apply (2.1) mod 4, with a=[x, v], b=wu, c=v:
[x, y, w7t 0] [u, v, [x, y])" [0, [%, y] L u] =T =1
gives that
. (%, 9,47, 0] (v, [y, 2], 4] = 1mod 45,
whence ‘
%9, u,v] [y, x,v,4] =1, - [x,9u,0]7 [%, ¥,v, 4] =1mod 4;.

(4.4.2) [, v, u,v]cd;.
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Proof. [x,y, d, v]B=[[xy]8 uB, v ]

=[x 948, vp] mod 4;, by (4.2.1) and (3.8),
=[xy, w08 modd;, by (4.3.6) and (3.8),
=[x yB, v u] mod A;, by (4.4.1),

= [x,v,v, 4] mod A;, ' by (4.3.7) and (3.8),

=[x, v,u, v]r’nodA5, by (4.4.1),

So ([x y, u, v] 45 )ﬁ4—[x y, u,v]As; as By is regular on K,, this can only
hold if {%, y, », v]As—

(4.4.3) K is wilpotent of class three.

Proof. By (4.4.2), all the 4-th commutators of the generators s, ..., s,,
$1, ..., Sq0 of K belong to 4;; since A is normal in K, it contains also their
conjugates. Thus A, contains I, whence also A,=cI{[})£4;, so that in
fact A,=45. As the central series K=4,>..->A4, ,=FE was properly
descending, this implies that A,=A,=E, a fortiori that I,=E, c<3. We
assumed that ¢=3, so in fact c=3.

In view of {4.4.1), this completes the proof of the theorem.

5. A class of (locally) finite and soluble A,-groups .

In the preceding section we started investigating a special class of A,-

groups: a group H belonged to this class if it had a regular automorphism
“o of order four, such that the elements that were inverted by «* generated
_the whole group H. There we worked under the additional assumption that
H was locally hilpotent. Now we pursuz the study of fimite groups of this
class, weakening the condition of nilpotency to solubility. Here we have to
apply a very finité method: induction on the order of the group. Thus,
though the problem is still of local character and admits a generalization in
this direction, we cannot, as we did in the preceding section, deal with the
generalized case at once.

Let us assume therefore, for the time being, that H is a finite group and
that (H, «) €[A,]. It will be convenient to write simply. I} instead of I}(H),
and when it can be done without danger of ambiguity we shall also use T
and 'S instead of T(H) and S(H). As usual, curly brackets denote (sub)-
groups generated by the elements, or by the elements of the sets, listed
between them. Let us recall the preparatory results concerning this case:

by 3.2) and (B.5.1), He[2], and the order of H is odd; so,

-

(

v (3.3), T is abelian, and fa=1¢" for every ¢ in T;

v (34, H=TS; | ,
v (2.3), every element s of H can be written in the form

h=x"txo with some xin H;
v (3.1), ho=nh* (for %, x¢H) can only hold 1f h=1.
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Then we need four lemmas.
(5.1) Lemma. [¢ sa]=[ts, sa]=1 for every t€T, s€S.
Proof. Let t,s be arbitrary elements of 7, S, respectively. Then
[, sa]a=[(saf ™, s =Ts, (sa) 1" = [¢}, s},
so by (3.1) we have [¢, sa]zi. In particular, [s, sa]=1. Thus
A=[s,sa] =[s[s, ], sa] =[5, 5] [s, 2, sa] = [[£, 5], s ],
but then also [Z, s, sa]=1. ' )

(5.2) Lemma. [¢,s,s,s]=[%5,s, sa]=1 for every tcT, s¢S.

Proof.. Take any ¢ from T and any s from S. Define H,={s, s}, Hy=
Hyo={sa, (sa)"}, Hy={H,, Hp}, ;=H,T, S;=H;~S (i=1,2,3). Then -
H,ou?=H, for each ¢; since the order of H is odd, so is the order of H;, and
then H;€[27]. Asin (3.4), one proves that H,=T;S,. From (5.1) it follows that
[H,, Hy)]=E, giving that H,~"H,<Z,(H;). Since [,=Ta=T,, [<H ~nH,<
Z,(H,); in particular, T; is normal in H,. Consider now H,/T;. Define
(AT)B=(ha®)T; for each k in H,; since [a?=T, and H,e2=H,, B is an
automorphism of H,(T;. Assume (AT)f=~hrT,, that is, ha*=~¢ for some
hcH,, tcT,. Then t=hhe?; but we have seen in the proof of (3.4) that
elements of this form belong to S, so 6 TnS=E. It follows from this that
ha?=h, h€ 1, showing that § is regular. But then (3.2) and (2.4) imply
that H,/T; is abelian, Hy<7,. Similarly H;<7,=1;; as we have already
seen that [H,, Hy]=E, we get also that Hy={H;, H)}<T,<Z,(H;). Now

[[t.s]hs] =[s.t,s]=[s,s]% s, £, s] = [s[s, ], s] = [, s]E Hy £ Z, (H,),
but then also [, s, s]€Z,(H;), and our statement follows. :

(5.3) Lemma. Let N be any norinal subgroup of H such that T~Z,(N) ==E.
If s is an arbitrary element of S, and if N={N, s, sa}, then Z,(N,) &=E.

Proof. Take any nontrivial element ¢ from TrnZ;(N). As Z,(N) is normal
in H, [t, s, s]€Z (N); further, by (5.2), [£ s, s, sl=[t,s,s, sa]=1, so in fact
[t s, s]€Z,(N). If [¢,5,s]=1, then we consider [, s]; this is also in Z, (N),
and, by (5.1), [£ s, sa]=1, so that [¢, s]cZ{(N;). Finally, if [¢, s]=1, then
also 1=[¢t, sJa=[¢", sa], whence [t, su]=1, proving that ¢{€Z,(N,). There-
fore one of [¢, s, s], [¢, s], and ¢ is a nontrivial element in Z, (N,).

(5.4) Lemma. If N is any subset of H such that NSCS, then [N, S]=E.

- Proof. For any  in N and any s in S, #°€ S, so that (n)a2=(#*)1; on
the other hand, #=#!¢ S implies that (n)a2=(n1)"=(n")21 So (#')at=
(#) 1= (#")"1, whence #n*=x", so that n’*=#, [, s*]=1. Thus by (B.5.6)
also [#, s]=1. ’

Now we are ready to prove the second theorem.

(5.5) Theorem. Let H be a finite soluble group, (H, o) €[A,], and asswme

that the elements that are imverted by of genmerate H. Then H is nilpotent of
class at most three. :
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We prove this by induction on the order of H. The unit group provides
a starting point, so we only have to give the inductive step. For this we
assume that the order of H is greater than 1, and that the theorem holds
whenever the order of the group considered is less than the order of H.

Again we spht the proof into several steps.

(5.5.1) If N is a normal subgroup of H such that No=N and N +E, then
I, (H) is contained in N.

Proof. Define (hN)B=(ha) N for ‘every kN € H|N; clearly 8 is an auto-
morphism of H/N. If (AN)f=hN, that is, if Aa=~hn for some % in H and
nin N, then A ha=mn. If y means the restriction of  to N, then (N, y) €TA,].
According to (2.3), #=m"1ma with some m in N ; but then n=h ha=m"ma,

- whence (hmY)a=hm; as « is regular, this can only hold if Am1=1, hk=mN.
Thus f is regular on H|N; further, S(H/N)=S(H)N|N generates H|N, so
that the inductive hypothe51s applies to H/N I,(H/N)=E. But I,(H|N)=

I(H)N|N, so in fact I;(H)<

{5.5:2) If Z,(H"Y=E, ﬂwn H':"E, so that I;(H)=E

Proof. Suppose that, on the contrary, H' #=E, but Z;(H’)=E. Then also
H"=4E. As« can be restricted to H',and T(H')=T(H)~H', S(H')= S (H)n H',
(3.4) gives that H’:(T(H)mH’) (S(H)~H"). Since T(H)~H' is abelian but
H’ is not, S(H)r\H’:I:E. Also H" is contained in {S(H)~H'}, by (3.5).
Consider now {S(H)~H'}. This is a finite soluble group, in fact a proper
subgroup of H (bemg contained in H’). Further, it is an a-invariant sub-
group, and so « can be restricted to {S(H)~H’} to show that it is an A,
group. Finally, this group is generated by elements that are inverted by o2,
Hence the induction hypothesis implies that {S(H)~H'} is nilpotent; since
H" is contained in {S(H)~H'}, it is nilpotent tod, so that Z,(H")£E. As
Z,(H") is characteristic in H, (5.5.1) ensures that I}=1T;(H (H) is contained in
Zy(H").- On the other hand we know that H"<]1, therefore I,=2,(H")=
H"=+E.

Now a can be restricted to I}, so that I} is an A,-group and 7(I}) =T(H)~ I},
S(I)=S(H)~I}; therefore, by (3.4), L= (T(H)nL}) (S(H)~T,). If T(H)~T,

-=E, then I;=S(H)~I;CS(H); as I} is normal in H, I3 = I, CS (H) too,
so that (5.4) says that [I;, S(H)]=E. Since S(H) generates the whole of H,
this means that [[;, H]=F; a fortiori [{;, H']=E, whence I},<Z,(H"); but
I, =+ E while Z, (H') = E, a contradiction. It follows therefore that T'(H)nI,==E.

This is the same as saying that Z, (H")~T(H) ==E. Foranysin S(H)nIj,
the application of (5.3) with N=H"'= I, gives that Z,({I, s, sa}} #=E. Now
{1}, s, sa} is pormal in H (because s*=s/s, 4], [s, h]€ I for any 4 in H, etc.),
it is also a-invariant, and Z, ({I, s, soc}) is characteristic in {I3, s, sa}; hence
_(5.5.1) can be applied to Z, ({1}, s, sa}) to conclude that Z, ({}, s, s«}) must
_contain I;. Of this we only need only that [[}, s]=E for any s¢ S(H)n 1,
that'is, that [I;, S(H)~I;]=E
. Consider next I3. Again it follows that I;:( (H)nI3) (S(H)~I3). Since
[TH)NI;, TH)NLG<TH)=E and [T(H)~I;, S(H)nI31=E, we know
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that [T(H)n1l;, I;]=E. This shows that T(H)~Z,(l;)=T(H)~I,=+E.
Choose now any s from S(H)~H’, and apply (5.3) with N=1I; to obtain
that Z({I3, s, sa}) &=E. Again we see that {I, s. ca} is normal in H and so
on, finally (5.5.1) can be applied to prove that I;<Z,({I3, s, sa}). This means
that [}, s]=Eforanysin S(H)~H’, thatis, [I,, S(H)~H']=E: But wehave
seen that H'= (T(H)~H’) (S (H)~H'),so the relations [T(H)nI;, T(H)~nH']<
T(HY=E and [T(H)~I,, S(H)nH')=E show that [T(H)~nI,, H]=E
ZyHY=T(H)~nI;&E. Thus we have arrived at a statement contradicting
the initial hypothesis, and therefore (5.5.2) must hold.

(5.5.3) If Z,(H') E, then L(H)=E

Proof. As Z,(H') is characteristic in H, (5.5.1) implies at once that
I,<Z,(H’). Noting that « can be restricted to Z,(H’), etc., one obtains that
Z,(HY=(T(H) ~Z,(H")) (S(H)~Z,(H")). If T(H) ~ Z;(H")=E, then Z; (H') =
S(H)nZ;(H'YCS(H); since therefore also Z,(H')S®™ =7, (H')CS(H), (5.4)
proves that [Z,(H'), S(H)]=E. As S(H) generates the whole of H, this means
that [Z,(H"), H]=E, whence ,<Z,(H")<Z,(H), I;=E. — If on the other
hand T(H)~Z,(H')=£E, then we can apply (5.3) to N=H’' and to any s
in S(H); thus Z,({H’, s, sa}) ==E. Now {H’, s,-sa} is obviously normal in H,
so that also Z, ({H', s, sx}) is normal in H; further, it is easy to see that
Z,({H', s, sa}) is a-invariant, and then (5.5.1) implies that I, is contained
in Z; ({H', s, sa}). Of this we only need that [I}, s]=F for every s in S(H);
since S(H) generates the whole of H, this means that I is in the centre of
H, whence I;=E. — In either case we found that I;=FE, but then (4.0)
implies that also I;=E.

So (5.5.2) and (5.5.3) prove that T;=FE, H is nilpotent of class at most
three. This completes the proof of the theorem. ‘

Now let us turn te the infinite case.

(5.6) Theorem. Let H be a periodic locally soluble group let (H, o) €[A,],
and assume that the elements that are mverted by o® gemerate H. Then H is
nilpotent of class at most three.

‘Using that a periodic locally soluble group is always locally finite; this
theorem can be derived from (5.5) by a routine argument (similar to the
one used in the reduction part of the proof of (4.0)).

" 6. The general case

Let us finally utilize the rather special results of the preceding two sections.
Their -usefulness is apparent in the light of the fact that if (G, «) €[A,X]
then G’ is contained.in the subgroup H(G) generated by S(G) and so G’ in-
herits the nilpotency property of H(G). This immediate consequence on G’
is further improved in the following theorem.

(6.1) Theorem. If (G, a) C[A,2), and if the subgroup H(G) gemerated by
the elements of G which are inveried by o2 is nilpotent, then the second derived
group of G is contained in the centre of G. .
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The proof takes several steps.b Instead of H (G) we write briefly H.

(6.1.1) A,(H)=E. This is true because « can be restricted to H, so that
(4.0) proves that I,(H)=E; square roots being unique in H, it follows that
also A,(H)=E. )

Let 4 be the closure of I;(H) in G. As a closed subgroup of the Z-group G,
A is itself a X-group. H is clearly a-invariant and, according to (3.5), H is
normal in G; as I;(H) is characteristic in H, it is also normal and a-invariant
in G, and then so is A.

(6.1.2) [4, H]=E.
Proof. Také A as the union of the ascending chain of subgroups

AV < AN < ..

defined inductively as follows. Let 4 be I3(H); if A? is already defined,
then let A%+ be the subgroup generated by all x in G such that x2€A®,
Now (6.1.1) implies that |A®, H]=E, and if [49, H]=E, then (B.5.6)
implies that also [A¢*Y, H]=FE. So we have that [A®, H]=E for all i,
and so in fact [4, H]=E.

~ For the rest of the proof of the theorem, #, y, 4, v denote arb1trary elements
of S (G) while ¢ and ¢ are arbitrary elements of T'(G).

(6.1.3) [, y]a =[x, ¥] 2 mod 4.
Proof. L'eit us work out [, y]a?:

[x y]a?= [#Ly 1] =[x, y:ly"lrl [, y] %y, y7 271
=[x 9][% 9, x5 9,517
=[x, 9] ([%, 9, 2137 ([%, 9, 9177
=1y [xy, 4] [xy, 9] © by (6.1.2),

= (%] (% 9 91[%, %, %)
with d = ([#, 9, 9] [x, v, x]Jo€ 4 this can be written as [¥, y]a?=[x, y]d %
_ From the proof of (3.4) we know that (g ga?) o€ S(G), g(gtga®)o € T(G) for |

every g in G. Applying this to g=[x, y], we get that 41 S(G) and that

[x, y]d 1€ T(G). Now (3.3) yields that ([x, y]d‘l)oi--([x y]d1), whence
[%, y]a=d[x, y]1d«; using (6.1.2) we see that this is the same as [x y]a=
[x y]tdda, so that [x, y]oc—[x y]tmod 4.

(6.1.4) [x,y«] *onc, y]mod 4.
Proof. Since yaeS(G), we may“s._ubstitute yo for v in (6.4.3):

[x, yala =[x, ya]*mod 4.
Bat also . ‘

[x; yalo=[xa,y1] = ([xa, 9]%)"" =[xe, 5] [[x o, ¥] & y]=[x«,y] " mod 4,
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so we have that [x, ya]?=[xa, y]?mod 4. Taking inverses on both sides,
we get the required congruence.

(6.1.5) [a,b,c]=1a,c,b][c,b,a) for every a,b,cCH.
This follows from (2.1) and (6.1.1). '

Now one can work out relations similar to (4.3.2)—(4.3.7) using an exact
analogue of the corresponding part of Section 4, consistently referring

rto A instead of A;,

E . A4: .
equality congruence mod 4,,
(6.1.2) [4;, K] = 4,4,
{6.1.3) 4.2.1),
(6.1.4) (4.2.2),

- (6.1.5) 4.3.1):

The relations so obtained, in particular those corresponding to (4.3.6) and
(4.3.7), with further application of (6.1.2) and (6.1.4), yield the following line
of equalities: ‘
C(64.6) [x,y, u]a=[xe,y,u] =[x, yu,u]? =[x, y,ua].

(61.7) [#, 9, 4] = [x,v,4].

Proof. While proving (6.1.3) we saw that, for a certain din 4, [x, y]d 1€ T'(G).
By (3.3), T(G) is abelian. and so ([x, y]d?)’=[x, y]d?; whence [, y]'==
[x, y]d1d'. Put did’=d’; as 4 is normal in G, this element belongs to 4,
Then, by (6.1.2), ‘

[, 9, ) = [, y), 0] = [, 9] &', 0] = [y, 6} [, 4] = [, , 0.

(6.1.8) [, y, 0] = [, y; ] [, 0, y] [w, %, 9],
Proof. As S(G)T) =S (G) {see the proof of (3.5)), &, #*”, 3", « all belong
to S(G). This makes it possible to apply the relations proved above:
[x, y, 9] = [x, 4, y][u, v, %], by (6.1:5),
=[x u,y][u,y7, 2], by (6.1.7),
= [ u, y] [, 2,y ] [x, 97, 0], by (6.1.5),
= [+, y] Tw, 2, "1 [#, v, 4], by (6.1.7),
=[x, y, w] [27, u, ¥][u, x, ¥ '], by (6.1.1).
(6.1.9) [#, y,u,t]=1.
"Proof. Let us write down (6.1.8) with ux™ (€ S(G)) in the place of #;
mapping both sides by «, changing to inverses and using (6.1.6) we obtain
that [x, v, o' ]1=[«" y, u][#", u, ¥][u, x, ¥"]. Comparing -this . with the

original form of (6.1.8) we get [x, y, w”]=[x, y, #']. Transform this equality
by ¢ and use (6.1.7) to obtain [x, y, u]={[x, y, ¥"']. From (6.1.7) it follows



292 ’ - L. G. KovAcs:

also that [x, v, #]* =[x, y, #"]. Comparison of the last two equalities shows
that [x, v, #]"=[x, v, %], so that [x, y, u, ]=1. Then (B.5.6) proves that
also [x, v, u,t]=1.

(6.1.10) [4,G]=E

Proof. As H is generated by S(G), I3(H) is the normal closure (in H)
of the subgroup generated by all commutators of the form [, v, #]. From
(6.1.2) and (6.1.9) we know that [x, vy, #] commutes with both of S(G) and
T(G); as these two sets generate G, [%, y, ] commutes with the whole of G.
Consequently, the subgroup generated by the [x, y, #] is in the centre of G,
thus it is its own normal closure Ig( ) whence [I3(H), G]=E. Again (B.5.6)
is needed to conclude that [4, G]=FE

(6.1.11) [, 9, ¢t]=1.

Proof. In the course of proving (6.1.3) we saw that, with.a suitéble
A), (%, y]d 1€ T(G). Since by (3.3) T(G) is abelian, [[x, y]d1,{]=1.
But [[x, yld ™ t]=[x, v, 11" [d7 {]=[x, y, t] by (6.1.10), and so [x, y, ] =1.

(6.1.12) [x, v, [u, £]]=1.
Proof. [x, v, [u, 8]} =[xy, ui]
=[x 00x 9,6l 5y, 1 [, y, w1
=[x, 9,4]'[x,y,471]*, by (6.1.9) and (6.1.11),
=[x, y,u] ([x,y, 0] )" =1
(6.4.13) [w,4,[v,], T(G)] = E
Proof. Using (6.1.1), [#, ¢, [v,#']] = [ut o, v 0]
S Tt o [, o] [, 0 [ 0
= [u L, 0] [, o o] [, '] [u7, v;l] [ut, 0, 9" ] [, v, 4] X
X [, v [o, 071, 0"], - ’

as w, v € S(G), this shows that [u,, [v, #]] is a product of commutators of
- the form [x, y] and [, y, u]. Smce by (6.1.11) and (6.1.9) these all commute
with 7(G), so does [, ¢, [v, ]].

(6.4.14) ) [u,t,{v,¢], S(G)]=E.
Proof. Take any x from S(G) and expound [, ¢, [v, £'], x] =[u e, v1v", x]
“using (6:1.1); it becomes : : '
[4,v, x] [u, ", %] ‘[u‘, v, x] 71 [« i","x] )
Now if'uox'lé splits up each term according to (6.1.5), uses (6:1.7) and (6.1.9),
then after cancellations ong is left with 1. .

(6.1.15) .G’ is generated by the commutators of ‘the form: [u v] fogether with-
those oj the form [u, t]
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Proof. (3.4) can be modified to show that any two elements g, g, of G can
be written as-g;=u?, g;=v¢ with some u, vCS(G), ¢, ¢ € T(G). Then

(81, 8a) = [wt, vt'] = [, 0V [t, 2] [u, v]* [t, 0]
= [, #][w, 0] [,],  (since by (3.3), T(G)'=E),
= [, ' [w,v][v", 6], by (6.1.11);

as o and v" belong to S(G), one can see that [g, g,] is-a product of com-
mutators of the required form. Since every element of G’ is a product of
commutators like [g;, g,], this proves the statement.

(6.1.16) G"=Z,(G).

Proof. Let us consider the subgroup K generated by the (ordinary second)
commutators formed from the generators of G’ which are given in (6.1.15).
Every [x, y, [, v]] is trivial by (6.1.1), and every [x, y, [, £]] is trivial by
(6.1.12), so that in fact K is generated by the [u, ¢, [v,#]]. On the other
hand, according to (6.1.13) and (6.1.14), all the [u, ¢, [v, #']] commute with
T(G) and S(G). Since these two sets generate G (see (3.4)), this means that
K is central in G and a fortiori normal in G’. But the normal closure of K
in G"is just G", and so we have that G"=K=<Z,(G).

Thus we arrive at the main results of the paper.

(6.2) Theorem. If G-is a locally nilpotent group, and if (G, a)E[A,],
then the second derived group of G is contained in the cenire of G.

Proof According to (3.7), we can apply (2.3). This says that there exists
a locally nilpotent 2-group G* such that (i) G* contains G, (ii) to every element
g* of G* there is a number n—=n(g*) for which (¢*)?"€G, and (iii) « can be
extended in a unique way to an automorphism g of G*. It is easy to see that
B is regular:if g*f=g*, then the equalities (g*)%" = ( g*)z") B= (")) a=(g**"
show that, since a itself is regular, (g*)2"=1; as G* is a 2-group, this means
that g*=1 Further we verify that the order of § divides. 4: the relations
(g*pHT=((g 2")ﬁ“—( )Tt = (g*)*" give that g*ft=g*, for every g*cG*.
Finally, B can be restricted to H(G*) and then (4.0) proves that H(G*) is
nilpotent. So we can apply (6.1) to G*, and the conclusion is obviously
inherited by G.

. (6.3) Theorem. [ f (G, ) E[A,], and if G is periodic and locally soluble
then the second derived group of G is contained in the centre of G.

Proof. As'a periodic locally soluble group, G is locally finite, so that
(3.2) shows that G is a XZ-group. Clearly H(G) is also periodic and locally
soluble, and a can be restricted to H(G), so that (5.6) implies that H (G) is
" nilpotent. Thus we can refer to (6.1), and the proof is"complete, )

~7.Examples
-In this last section we give some examples to show that the results presented
in. this paper are in a sense the best possible. We confine ourselves to the
description of the examples, omitting the %tralghtforward but sometimes
tedious verifications. |
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(7.1) First we give the smallest non-metabelian A,-group. Let us start
with a free nilpotent-of-class-two group K, on the five generators s, sq, ..., S,
Imposing exponeat three and the relations [s;, $;][S;.45, S;4s) =1 (4,7,k=0,

,4; 7+% and 74k to be taken mod 5), we get a factor group K; of K.
It can be seen that Kj is generated by [so, s;] and [s,, s;], and that these
commutators are independent, so that the order of K, is 37. Now take an
isomorphic copy K, of K, generated in a corresponding way by 7,, 7, ..., 4.
Let H be the generalized direct product of K, and K, amalgamating [s,, s;]
with [r,, 7,]7* and [sy, 5] With [7,,7,]. Then H is of order 312, and it can
be seen that the mapping 7 defined by s;7=s,,, 7, 7=7;_;is an automorphism
of H of order 5. Finally, let us take the splitting extension G of H by an
element ¢ corresponding to 7, such that =1, si=s,,, and 7i=7,_,. Clearly
G is of order 5-3!%; further, it is soluble and has derived length three, but
it is not nilpotent. A regular automorphism « of order four can be defined
on G by s;a=v,, r,a=s7%, and ta=¢71.

(7.2) Repeating exactly the above construction but replacing 5 by some
power of 3, one can get non-metabelian A,-groups which are nilpotent of
arbitrarily high class. The direct product of an infinity of such groups of
increasing class provides a locally nilpotent but not nilpotent A,-group.

References

[1] BaumsLac, G.: Some aspects of groups with unique roots. Ph. D. thesis, University
of Manchester, 1958. (To appear in Acta Math.)

[2] Burnsipg, W.: Theory of groups of finite order, 1st ed. Cambridge 1897.

[3] BurNsiDE, W.: Theory ofsgroups of finite order, 2nd ed. Cambridge 1911.

[4] HiemaN, G.: Groups and rings having automorphisms without non-trivial fixed
elements. J. London Math. Soc. 32, 321 —334 (1957).

{87 KurosH, A. G.: Theory of groups. New York 1955—1956.

[6] Lazarp, M.: Sur les groupes nilpotents et les anneaux de Lis. Ann. Sci. Ecole
Norm. Sup. (3) 71, 101 —190 (1954).

[7] Nacata, M.: Note on groups with involutions. Proc. ]apan Acad. 28, 564—7566
(1952).

[8] NruManN, B. H.: On the commutatlwty of addition. J. London Math. Soc. 15,
203—208 (1940).

[9] Neumann, B. H.: Groups with automorphisms that leave only the unit element
fixed. Arch. Math. 7, 1—35 (1956).

[10] Tromesox, J.: Finite groups with fixed-point-free automorphisms of prime order.
Proc. Nat. Acad. Sei. U.S.A. 45, 578—581 (1959).

[11] ZaPpa, G.: Sugli automorfismi uniformi nei gruppi di lesch Ricerche di'Mat. 7,
3—13 (1958).

Uwniversity College of Novih Staffovdshive, Keele, Staffs. (England)
‘ (Eingegangen am 1. Juli 1960)



