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On subgroups o f  the basic subgroup.
By LASZ LO KOVACS i n Debrecen.
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The purpose of this paper is to prove that a subgroup H of an abelian
p-group G  is contained in  one o f  the  basic subgroups of G  i f  and only
H  is the union o f an ascending sequence o f subgroups o f  bounded height
in G. We  make use o f  a new construction o f the basic subgroups (Lemma 2)
which is based on a result o f  M.  ERD0_,Y1 (Lemma 1). A n  immediate con-
sequence of our Theorem is  Kuukov's criterion') fo r the decomposability o f
abelian p-groups into the direct sum o f  cyclic groups.

Our notations wil l  be the following.
All groups under consideration w i l l  be additively writ ten abelian p -

groups). I f  O  is a  group then p "O is its subgroup consisting of all elements
of the form r g  (n is a  non-negative integer, g (G ) .  A  nonzero element g
of G  is said to  be o f height n  in  G  i f  gEp rO but g E [ p G ;  i t  is o f infi-
nite height in  G  i f  g (p " G  for every 11. O  is called algebraically closed (in
another terminology divisible) i f  p G - -G ;  th is holds i f  and o n ly  i f  every
element of order p  has infinite height in  G.  A  subgroup H  of a  group O is
of bounded height in  O  i f  the heights ( in  G )  o f  the elements o f H  form a
bounded set, i .  e. if ,  fo r some n, H  np G —O. Analogously H  is of bounded
order if, fo r some n, r fl —  O. Since H  n p G Rp " H,  a subgroup of bounded
height is necessarily of bounded order. I f  the converse relations H n p"G p "  H
are also valid fo r every n  then H  is said to be a  pure subgroup of G.

The concept of basic subgroup was introduced by KuLikov) as follows :
a subgroup B  is a  basic subgroup o f  O  i f

a) B  is a  direct sum of cyclic groups,
13) B  is pure in  G,
-,t) the factor group G/B  is algebraically closed.
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969 L. Kovacs

We shall often choose maximal subgroups with  respect to certain con-
ditions even i f  they are not uniquely determined b y the requirement of maxi-
mality. The existence o f maximal subgroups with  respect to these conditions
follows b y Zorn's lemma. For the sake o f brevity, w e  shall write  e. g. " le t
H  be max [q  H';  H  n p"G 0 ]  instead of " le t  H be a  subgroup of H'  O )
maximal with  respect to the condition H n p " G - 0 " .

First we need

Lemma i  (M.  ERD8LYI). I f  G is an abellan p-group, i  a  non-negative
integer and H  is max [ G  ; H  n p"O 0 ]  then H  is a  direct summand of O.
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It is easy to  prove
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are of bounded order they are direct sums o f cyclic groups and thus B is also
a direct sum o f  cyclic groups.
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7) G/13 is algebraically closed. Let g +  B be an arbitrary element of 0
/
1
B

having order p. The purity o f B  implies that the coset g  + B contains ele-
ments of order p ;  suppose that g  is such an element. As g ( [ B , ,  S. we have
tg, S„} n p”G 0 ,  thus gE (S„,p 'Gt.  : B ,  G i  and this proves that g +  BE
E p '  B  p " ( G / B )  for every n, i.  e. g  + B is o f infinite height in GIB.)

Now we are ready to state our

Theorem. A  necessary and sufficient condition f o r  a  subgroup H  o f
an abelian p-group G  t o  be contained in  a  basic subgroup o f  G is that H
be the union o f  an ascending sequence o f  subgroups o f  bounded hcight in G.

PROOF. The necessity follows easily. Suppose that H c  B and consider
B as a  direct sum o f  cyclic groups. L e t  us denote the  d irect  su m o f  the

summands o f order p i in  this decomposition' b y B i,  thus B  B , .  Since

B is pure in  G  its direct summands are also pure and so B, -1 -a +  • • • +  B,
:has O intersection with  p  G. Thus, fo r Hi H  n (B ,+  I I +  • • • +  Bi), we have
H H , : fl i + 1 7  H ,
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G —0, and th is was to  be shown.
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without loss o f generality that Hi  n p; O —O. Keeping in  mind Lemma 2, one
has the idea to construct a sequence S, S , , •  • S i  •  • • with ,S• max G
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proceed on this line, making induction on i.  Th is  cannot be  done directly
since at the inductive step we need {Hi,  Si_} n G  —0 which does not hold
in general. First we have to change the sequence H ,  H , . •  • •  • t o
another one, H '  H '  •  • H i  =• • • , which has the property H i  max
•  n  p'G —0].
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and H i  n p'G 0 ;  we prove that 11; max [ H i + ' ;  fl i  n  0 —  OF L e t  h  be
an element of H"÷' ( i .  e., fo r some k, hEH,1 ) wit h  t h ,  Hit  n G  —0, we •
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constructed i n  t h e  same way as B,  s o Lemma 2 can be considered as a character ization
of the basic subgroups.
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n p U 0 ,  and so the maximality of HP '  with respect t o  these conditions
implies hE H '  -
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but th is means, since r h +  h'E{h, H i
- 1
}  H i ,  t h a t  
r ( h +  
s )  r h
+ h ' E H '  
n

n pi G —0 wh ich  contradicts p  r ,  h +  s O .  Th u s we  have proved that
{H', Si_1} n p O does not contain elements o f order p, i.  e. i t  must be 0, and
this completes the proof of the Theorem.

• T a k i n g  into account that a  group is a basic subgroup o f itself i f  and
only i f  i t  is a  direct sum o f cyclic groups, our Theorem leads (with  H G )
to the following

Co ro lla ry (Kuukov's criterion). A  necessary and  sufficient condition
for an abelian p-group O  to  be a  direct sani o f  cyclic groups is that O  be
the union o f  an ascending sequence o f  subgroups o f  bounded height.
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