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ABSTRACT

We give a description, in terms of twisted wreath products, of  all fmite groups G with a core-free
maximal subgroup H  such that the socle of G is  a non-abelian minimal normal subgroup of G,
and is complemented in G  by  H. Moreover, we deal with the problem of finding all subgroups
G* o f  these G such that firstly, their socle coincides with the socle of G and is also minimal nor-
mal, and secondly, G* n  H is a (necessarily core-free) maximal subgroup of G*. •

A finite group G  i s  called primitive i f  i t has a maximal subgroup H  such that
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G contained in H . O f  course, G  is primitive in this sense i f and only i f it admits a

faithful representation as a primitive permutation group; however, o u r  interest in
the present paper is in abstract groups and their structure: we  will not be concerned
with the various permutation representations that primitive groups may have. A
partial description of the structure of (finite —  this assumption will be made of all
groups in this note) primitive groups has been given by

1980 Ma themat ics S u b je c t  C l a s s i fi c a t i o n  :  2 0  B  1 5 ;  2 0  E  2 2 .
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BAER [21: I f  H is a maximal subgroup of a group G with C o r e
G
( H )  =  1  t h e n  p r e -
cisely one of the following three statements holds:

(1) S ( G )  = C
G
( S ( G ) )  
G  
—  
i n  
t h i
s  
c a
s e  
G  
=  
H S
( G
)  
a
n
d  
H  
n  
S
(
G
)  
1
;

(II) S ( G )  • G  and C
G
( S ( G ) )  - - , -  
1 ;

(111) S(G) = M
I x  M 2  
w h e r
e  M
i  
< I  
G  
a
n
d  
C
G
( M
i
) . - -  
M
3
4  
(
i  
=  
1
,
2
)  
—  
h
e
r
e

G = HM
i
, H  
n  
M
i  
=  
1  
a
n
d  
M
i  
a
-
-
H  
S
(
H
)  
=  
H  
S
(
G
)  
•
ʻ
.
.
1  
H  
(
i  
=  
1
,
2
)
.

Conversely, i f  one of the following three conditions holds, then G  is a primi-
tive group (and satisfies (1), (II), or (111), respectively):

(1') G  i s  a semidirect product of a group H  wi th a faithful irreducible H-
module S over some prime field;

(II') G  has a non-abelian minimal normal subgroup S such that C
G
( S )
, ,  1 ;

(111') G i s the semidirect product of a group H  possessing a unique minimal

normal subgroup S, where S i s non-abelian, with a copy of S.

(We have used the following notation: M  -Q G means that M  is a minimal nor-

mal subgroup of G; and S(G) = M  I M  •< G), the socle of G. We  will also write

H <• G to express the fact that H  is a maximal subgroup of G.)

A primitive group G  satisfying condition (I), ( I I ) ,  o r  (III) wi l l  be' called of

type (I), ( I I ) ,  o r  (III), respectively —  this will be indicated by writing G  e
G E T  G G P117 -  -  T

.  
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group complementing some core-free maximal subgroup; i n  fact, th is is true for all

minimal normal subgroups and all core-free maximal subgroups. Th e  purpose o f

this paper is to give a precise description o f all those primitive groups o f type II
where a core-free maximal subgroup is complemented by a non-trivial normal sub-

group (which, by the above result, i s necessarily minimal): these are the groups ad-

mitting a representation as a primitive permutation group with a single non-abelian

regular normal subgroup. (They are also the groups which were missing in the ori-

ginal version of the ()Nan-Scott Theorem as given in [4]; a  correct version appeared

in [1]). Following Lafuente, we will denote the class of all such groups by PHs.



A first step towards our goal is the observation that —  as a consequence of the
Schreier conjecture —  groups in P
H
'  c a n n o t  
h a v e  a  
s i m p l e  
s o c l e ,  
w h i c
h  
i s  
d u
e  
t o

AsCHBACHER-SCOTT [1]: T
1
j  d o e s  n o t  
c o n t a i n  
a n y  
a l m o s
t  
s i m p
l e  
g r o u
p s .

(Recall that an almost simple group is [a  group isomorphic to] a  subgroup of

the automorphism group o f a non-abelian simple group containing all inner auto-
morphisms.)

In view of this lemma, the socle of a group in P
I  I  i s  a l w a y s  a  
d i r e c t  
p r o d u c t  
o f

at least two copies of a non-abelian simple group; since
- i t  i s  a  m i n i m a l  
n o r m a l  
s u b -
group, the simple direct factors are permuted transitively (via  conjugation) b y  the
elements o f any (core-free maximal) subgroup complementing the socle. Such

groups are always (non-trivial) twisted wreath products:

BERCOV [3], 1 A F
-
1 m =  [ 7 ] :  
L e t  
G  
b e  
a  
g r o
u p  
a n
d  
H
,  
E  
5
_  
G
.  
A s
s u
m e  
t
h
a
t  
t
h
e  
n
o
r
-

mal closure EG o f  E in  G is complemented in G by H , and is a direct product of
the H-conjugates Et o f  E, where t  ranges through a right transversal T  o f  N
H
( E )
in H:

G = F
( E
G ) ,  
H  
n  
(
E
G
)  
=  
1
,  
a
n
d  
E
G
=
X
t
E
T
E
t  
(
=
E
r
)
.

Set N  = N
H
( E ) .  
T h e
n

3

G E  H ,

the twisted wreath product of E and H  (with respect to the action of N on E  given

by conjugation); indeed, a  suitable isomorphism maps EG to  the base group and H
to its canonical complement.

It will be convenient to employ the following notation for twisted wreath pro-
ducts.

Let E  and H  be groups, suppose that X. E Hom(N,Aut(E)) fo r  some sub-
group N  o f  H, and consider any right transversal T  o f  N  in  H  containing 1.
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E
T  
=  
X
t
e
T  
E
L
,  
w
h
e
r
e  
E
t  
a
:  
E  
f
o
r  
a
l
l  
t  
e  
T
;

we will, i n  fact, always write a (distinguished) isomorphism from E  to  Et by
e 1—> et for all e  e E

and require that for t  = 1 this is the identity.
An action of H  on ET (that is, a certain X? e  Hom(H ,Au t(E
.
0 )  m a y  n o w  b edefined by

(et)(i
xs
) =  
( 0
1 /
9 )
t '  
f
o
r  
a
l
l  
e  
E  
E
,  
h  
e  
H  
a
n
d  
t  
e  
T
,

-

where n  e N  and t '  e T  are related to h  and t  by th  = nt
1
. ( O f t e n  t h e  
h o m o m o r -
phisms X  and X*  w i l l  be omitted from our formulas, especially when the action is
understood from the context; then the above formula reads eth = ea.)

The twisted wreath product of E and H  (with respect to the action X o f N  on
E) i s the semidirect product H(ET) formed with respect to the action X*  o f  H  on

ET. I t  will be denoted by E  %
cr
,
x )  H  ( o r  
b y  E  
%
N  H ,  
i f  
t h e  
a c t i o
n  
o f  
N  
o
n  
E  
i
s  
u n
-

derstood: note that the resulting group E  %
cr
,x
)  H  d o e s  n o t  
r e a l l y  
d e p e n d  
o n  
t h e  
s p e -

cific choice of a transversal T) .
A (sufficient, y e t  not necessary) criterion for the base group E T o f  such a

twisted wreath product G (  = E %
cr
,) ,
)  H  =  E  %
c
o
o  H )  
w i t h  
E  
n o n -
a b e l i a n  
s i m p
l e  
t o

be the only minimal normal subgroup of G is derived from the following fact:

C
G
(
E
T
)  
C
o
r
e
H
(
N
n
E
T
,

where N# . ( n e N  I n  induces an inner automorphism in E) .

Consequently,

C o r e
H
( N # )  
=  
1  
i m
p l
i e
s  
t
h
a
t  
G  
E  
P
l
l
.

We conclude this introductory section by fixing some more notation and ter-
minology.

For any group E, E(e) (n  E H) denotes the direct product E  x x  E o f  n  co-

pies of E. The canonical diagonal subgroup of E(e) (isomorphic to E) is the group
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A(En)) ( e , . . . , e )  I e E  E ).

I f  En) i s  given as ET as above (the isomorphisms from E l  to  E t  again being
written as e  t---> et fo r  all e E E), the same term will refer to the subgroup

A(Er) n
t E
T  
e t
I  
e
e  
E  
)
.

§1 Primitive groups with non-abelian regular normal subgroups

In view of Baer's Theorem, a  regular normal subgroup of a primitive group is

necessarily minimal. Therefore, from the Bercov-Lafuente Proposition we get that

any such group G i s isomorphic to a twisted wreath product of a non-abelian simple
group E  wi th a group H . The following result gives a primitivity criterion for such
twisted wreath products.

(We would like to alert the reader that there is a misprint in the statement of this
result given in [5]. Furthermore, w e  would like to draw attention to a n
d i f f e r e n tproof of this theorem, which will be given in [6] as part of a more general investiga-
tion. Here we present a direct proof.)

1.1 THEOREM. Le t G  = E %
c
o
o  H ,  w h e r e  
T  
d e n o t e s  
a  
r i g h
t  
t r a n s v
e r s a l  
o
f  
t h
e

subgroup N  o f  H and X is a homomorphism from N  into Aut(E) fo r  some non-
abelian simple group E.

Put C  = ker(X) = C
N
( E )  a n d  
D  
=  S
( N  
m o
d  
C )
.

(a) The following three statements are equivalent in pairs:
(i) H  <- G.

(ii) D /C  N  E, and i f for some subgroup M  o f  H, M  ---> Aut(E) ex-
tends X (i.e., N  M  and X
1
I
N
=  X ) ,  
t h e n  
X '  
= X  
( i . e . ,  
N  
=  
M ) .
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(iii) D/C FI
N E ,  
N  
=  
N
H
( C )  
n  
N
H
( D
) ,  
a
n
d  
D  
5
_  
X  
w
h
e
n
e
v
e
r  
C  
<  
X  
H

with N  N
H
( X ) .(b) Assume conditions ( i -

u i )  f r o m  
( a )  
a n d  
s u p p o s
e  
t h a t  
C o r e
G
( H )  
=  
1
.  
T h
e n

either O E Pl l  and C o r e
H
( D )  =  1 ,  
o r  
e l s e  
G  
E T
i
m  
a n d  
C o r e
H
( D )  
=  
S
( H )
.

Proof. (a) ( i )  ( i i ) :  Consider a proper subgroup K  o f  H  containing N .  In  T
there exist transversals R, S o f, respectively, N , K in  K , H. Then

K(EK) = K(ER) = E gjoz
,
x) K .Now, i f  K  i s  not maximal in E  %

a u )  K ,  s a y  
K  <  
K *  
<  E  
r i
k R
) ,
)  
K ,  
w e  
c a n  
fi n d  
a

non-trivial K-invariant proper subgroup B  o f  ER, namely' , B  = K*  n  ER. In  this
case 1 B H  = BKS = BS = X
s e  s  B S  <  
E T  
a n d  
t h u s  
H  
<  H
( B H )  
<  
E  
l i
c r x  
H
.  
T h
i s  
c o
n -

tradiction against (i) shows:

(*) K  <• E %
o z)
,
)  K  
w h e n
e v e r  
N  
K  
H  
(
R  
a  
r
i
g
h
t  
t r
a n
s v
e r
s a
l  
o
f  
N  
i
n  
K
)
.

Application of (*) with K  = N yields maximality of N  in  NE ( = NE
1 ) .  H e n c eNE/C i s a primitive group with core-free maximal subgroup N/C complemented by

the simple minimal normal subgroup EC/C ( E ) .  The Aschbacher-Scott Lemma
gives that NE/C e Pm, and then Baer's Theorem proves the first claim in (ii):

D / C :
-
= ' N  
E .

In order to verify the second claim in (ii) we assume that 2». M ----> A t ( E )  ex-
tends X,, where N  < M H .  From R  [ 1 )  fo r  a right transversal R  o f  N  i n  M
we obtain that

B = j  fle ( r ' ) ' r  I  e E E l
rE R

is a non-trivial proper subgroup o f ER: i t  is obviously isomorphic to E .  Hence i t
will suffice to establish the M-invariance of B, fo r  then M  < MB < WER) = M(EM)

— a  contradiction against (*), completing the proof that (i) implies (ii). Now, fo r
all r  R  and all m  e M  there exist n  = n(r,m) E N  and rt = r'(r,m) E R such that

rm = nr
1
; 
a n
d  
t h
e n  
f
o
r  
a
l
l  
e  
E  
E
,

(
e
(
r
-
V
o
m 
=  
(
e
(
r
-
1
)
V
)
(
n
r
.
)  
=  
e
r
l
)
V
n
X
T
,  
=  
e
w
-
-
1
n
r
.
)
A
.
V
.
-
1
)
X
'
y  
=  
(
e
(
m
X
5
y
r
-
1
)
X
'
e
,
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which means that Bm = B.

(ii) ( i i i ) :  Fi rst consider M  = N
H
( C )  t m  N  H
( D )  
(  N ) .  
T h e  
a c t i o n  
o f  
M  
o n

its normal section D /C together with D/C a
N  E  ( v i a  X )  
g i v e s  
r i s e  
t o  
a n  
e x t e n s i o n

X': M  A u t ( E )  o f  X. Therefore, from (i i) we infer that N  = M, proving the
second assertion in (iii). The third statement is derived similarly, using that —  as a

consequence o f the simplicity of the socle D /C  ( E )  o f  the almost simple group
N/C —  N n  X = C  whenever C  < X I  H, N  N
H
( X ) ,  D  I  X ,  
a n d  
o b s e r v i n g  
t h e

canonical isomorphism N/(N n  X) a NX/X.
(iii) ( i ) :  We  must show that G*  = G i f  H  <• G* G .  Consider the minimal

normal subgroup L  = G* n  ET o f  G*. Let

L = L
i  x  
X  
L
k

be its decomposition into simple (not necessarily non-abelian) direct factors. Since
N = N
H
( E ) ,  
t h
e  
p r
o j
e c
t i
o n  
i
t
:  
E
T  
—
›  
E  
(
w
i
t
h  
k
e
r
n
e
l  
O
N
(
1
)
)  
c
l
e
a
r
l
y  
c
o
m
m
u
t
e
s  
w
i
t
h

the actions of N  on L  and E. Moreover, LIE = I would contradict the transitivity
of the action (by conjugation) o f  H  on E t  I t e  T )  together with L  G * =  HL.

It follows that L i t = (1_,
N
)
IC =  (
1 1
(
) N  =  
E ,  
t h e  
o n l y  
n o n -
t r i v i a
l  N -
i n v a r
i a n t  
s u b
g r o
u p  
o
f

E ( N  D/C <1 N/C ). From the above decomposition of L  as a direct product of
simple groups we now deduce that precisely one of the L
i  —  s a y ,  L
I  —  
p r o j e c t s

onto E, while the others are contained in ON  1
). I n  p a r t i c u l a r ,L

i  
a  
L
i  
(
L
I
)
7
t  
= 
E
,  
b
u
t  
(
L
i
)
1
r  
= 
1 
(
i  
2
,
.
.
.
,
k
)
.

Furthermore, N  = N
H
( E )  m u s t  
n o r m a l i
z e  L
i
:  
i n d e
e d ,  
f o
r  
e a
c h  
n  
E  
N
,  
( 1 ,
1 )
1 1

is some L
i  
a n d  
( L )
n m  
=  
( L )
1
m .  
T
h
u
s

L
i  
.
:
4
_
N 
E
,  
N 
I  
N
I  
=  
N
H
(
L
1
)  
a
n
d  
C 
= 
C
H
(
E
)  
C
i  
=  
C
H
(
L
1
)
.

Since D /C  acts faithfully on E, and therefore on L
i
,  w h i l e  L
i  i s  
c e n t r a l i z e d  
b y

C
I
, 
t
h
e  
l
a
s
t  
c
o
n
d
i
t
i
o
n  
i
n  
(
i
i
i
)  
g
i
v
e
s  
t
h
a
t

C = C
I
.D

I 
=  
S
(
1
\
1
1  
m
o
d  
C
)  
(  
>  
C  
)  
i
s  
n
o
r
m
a
l
i
z
e
d  
b
y  
N  
a
n
d  
s
o
,  
b
y  
v
i
r
t
u
e  
o
f  
t
h
e  
t
h
i
r
d

condition in (iii), contains D . Since D/C induces in L
i  t h e  g r o u p  o f  
a l l  i n n e r  
a u t o -
morphisms of L
i  (  E  
N  
D /
C  
) ,  
w
e  
s e
e  
t h
a t  
D
/
C  
=  
I n n
N i /
c
( L
1
)  
N
I
/
C  
=  
N
I
/ C
1
.

Hence N
i  N
H
( C )  
n  
N  
H
( D
)  
=  
N  
(
b
y  
t
h
e  
fi
r
s
t  
c
o
n
d
i
t
i
o
n  
i
n  
(
i
i
i
)
)
.  
W
e  
c
o
n
c
l
u
d
e  
t
h
a
t
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N = N
i
,  
f r
o m  
w
h
i c
h  
G
*  
=  
G  
f
o
l
l
o
w
s
:  
n
o
t
e  
t
h
a
t  
G
*  
L
I  
'
I
N
,  
H  
(
b
y  
t
h
e  
B
e
r
c
o
v
-
L
a
-

fuente Proposition) w i th  L
i  2 .  E .(b) C o r e

G
( H )  
=  
I  
t o g
e t h
e r  
w i
t h  
H  
<
•  
O  
y
i
e
l
d
s  
p r
i m
i t
i v
i t
y  
o
f  
G
,  
a
n
d  
i
m
p
l
i
e
s

that C o r e
H
( C )  
=  C
H
( E T )  
=  
I
.  
P
u
t  
K  
=  
C o
r e
H
( D
) .  
B
y  
a p
p l
i c
a t
i o
n  
o
f  
t
h
e  
l
a
s
t  
c
o
n
-

dition in (iii) (wi th X  = CK) we get that either K  5 C or CK = D.

I f  K  5. C then K  5_ C o r e
H
( C )  =  1 .  
F u r t h e r ,  
G  
E  P
l l
,  
f o r  
o t h e r
w i s e  
S
( H
)  
5
_  
N
,

and hence S(H)C/C S ( N /C )  = D/C, would follow from Baer's Theorem —  but

S(H) 5 D would require that S(H) 5_ C o r e
H
( D )  =  K .Next observe that the above argument, when applied to any minimal normal
subgroup Y  o f  H  instead of K, shows that D  5 YC. Siiice D/C is isomorphic to
the non-abelian simple group E, only one such Y  can exist: one checks that for any
two different minimal normal subgroups Y
i  a n d  Y 2  o f  
H  o n e  
s h o u l d  
h a v e  
t h a t

D' = [(D n  Y
I
) C , ( D  
n  Y
2
) C 1  
5 _  
[ Y
1
, Y
2
] ( C  
n  
Y
1
)
( C  
Y
2
)
C '  
5
_  
C
.

In fact, this argument proves:
(#) S(H) is a non-abelian minimal normal subgroup of H whose simple com-

ponent F has a section isomorphic to the simple component E of  ET.
It remains to deal with the case when C K = D. In  this case

n t E T  n  CO = n t E  T CK ( E
t
)  =  C l a E 0  
=  1
-

Further, fo r  any t  E T,
K / C
K
( E t
)  
=  
K
A
K  
n  
C
t
)  
=  
K
A
K  
C
)
t  
K
A
K  
C
)  
K
C
/
C  
=  
D
/
C  
E
.

Combination of the last two statements shows that K  is a subdirect product of groups
isomorphic to the non-abelian simple group E. I t  is well known that this implies

K a E x . . . x E .

In particular, the normal subgroup K  o f  H  is now a direct product of minimal nor-
mal subgroups of H, that is, K  5. S(H). Hence (#) together with K  1  yields that

S(H) = K = C o r e
H
( D ) .Now for any t  e T, KET/C K ( E

t
) (
X
t # s E  T  E
s
)  -
a

( K / C
K
( E t )
) E t  
( t
h
e  
s e
m i
d i
r e
c t

product), where K / C
K
( E t )  a
- .  D t i c t  
i n d u c e
s  
i n  
E t  
t h
e  
g r o
u p  
I n n
( E t
)  
o
f  
a
l
l  
i n
n e
r

automorphisms. We  get that ( K / C
K
( E 0 ) E t  I n n ( E t )
E t  . 2  
E  
x  
E .  
A n  
a r g u m e
n t  
a s

above gives that KET (  = S(H)ET •4 HET = G ) i s  isomorphic to a direct product of
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copies of E, and so is contained in S(G). Therefore, S(G) > ET is not minimal nor-

mal, and G  eTH / follows from Baer's Theorem.

In the course of the proof of 1.1b (see (#) there) we  have made the following
observation (some kind o f analogue to what BaerIs Theorem says about primitive
groups of type III), which was first deduced in Lafuente [81 as a consequence of the
above result.

1.2 COROLLARY. I f  G e P
H  p o s s e s s e s  
a  c o r e -
f r e e  
m a x i m
a l  
s u b g
r o u p  
H  
c o
m -

plementing S(G), then G/S(G) E H E T
i
p  M o r e o v e r ,  
i f  S ( G )  
E  
x  
x  
E  
a n d

S(H) F  x x  F with E  and F simple, then E  is isomorphic to a section of F.

(In fact, using the notation of 1.1, in  1.2 we have that D  S(H)C .)

The next two theorems will give an explicit method for constructing all groups
in fEj . I t  will be convenient to distinguish the two cases E  = F and E  F  (where
notation is as in 1.2).

1.3 LEMMA. I f  R i s  a subdirect subgroup in the direct product G  = E
l  xof the non-abelian simple groups E
i  ( i  =  1 , . . . , n ) ,  
t h e n  N
G
( R )  
=  
R .

Proof. Since R  is subdirect in G, so is N  = N
G
( R )  R .  B e c a u s e  
o f  t h e  
s t r u c t u r e  
o f

G this requires that

N = N
i  x  
x  
N
n
,  
w
i
t
h  
N
i  
E
J
(
)  
f
o
r  
s
u
i
t
a
b
l
e  
j
(
i
)  
E  
(
1
,
.
.
.
,
n
)  
(
i  
=  
1
,
.
.
.
,
m
)
.

Moreover, the normal subgroup R  o f  N  must be a direct product of some of the

N
i
, 
s
a
y
,  
R  
=  
N
I  
x  
x  
N
k  
m
)
.  
H
e
n
c
e  
N  
=  
R  
x  
C
N
(
R
)  
=  
R  
x  
C
G
(
R
)  
a
n
d  
i
t

suffices to observe that C
G
( R )  =  1 :  
i n d e e d ,  
t h i s  
f o l l o
w s  
f r o
m

[ E
i
,
C
G
(
R
)
I t
i l  
=  
[
R
I
t
i
,
C
G
(
R
)
n
i
]  
=  
[
R
,
C
0
(
R
)
1
7
E
i  
=  
1  
(
i  
=  
1
,
.
.
.
,
m
)
,

where i t  denotes the canonical projection from G to  E .  0
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1.4 THEOREM. L e t  H  e P
H  a n d  
a s s u m e  
t h a t  
S ( H )  
E n )
,  
w h e
r e  
E  
i
s  
a  
n o
n -

abelian simple group.

(a) Let S be a direct product of at least two of the simple components of S(H)
and consider a diagonal subgroup B  (with respect to the direct decomposition of S
into its simple components); so  B E E. Assume that N  = N
H
( B )  a c t s  t r a n s i t i v e l y(via conjugation) on the set of simple components of S (i.e., S <INS = NS(H)).

Then the canonical copy of H in  G = E I
N  H ,  t h e  
t w i s t e d  
w r e a t h  
p r o d u c t  
w i t h

respect to the action o f N on E  induced by the isomorphism E -
-
a
, B ,  i s  m a x i m a l  i n

G and complements the base group S(G) (  ECHNI) ) o f  G; i n  particular, G  E

(b) Conversely, i f  H  occurs as a core-free maximal subgroup of the group G
and complements S(G), where S(G) is minimal normal.in G  and a direct product
of copies of E, then G  E  I
N  H ,  a n d  
t h e  
c o n d i t i o n
s  
s t a t e
d  
i n  
( a
)  
a r
e  
s a t i s
fi e d  
b
y  
H

and N  (with respect to suitable choices of S and B).

Remark. Ou r  proof will show that the groups S  and B  i n  1.4b can be recovered
from G ( = E I
N  H ) ,  
H ,  
N ,  
C  
(  
=  
C
H
( E )  
)
,  
D  
(  
=  
S
(
N  
m
o
d  
C
)  
)
,  
E  
a
s  
f
o
l l
o
w
s :

S is the unique minimal normal subgroup of NS(H) not contained in C,

Proof. (a) Put C  = CH(B) = C
N
( B )  a n d  D  
=  B  
x  
C .  
W e  
w i l l  
c h e c
k  
t h a
t  
H ,  
N
,  
C
,  
D
,

E satisfy condition (iii) of 1.1a.

Clearly, D /C  B  -a
,
N E  ( a n d  
t h e r e f o r
e ,  
i n  
p a r t i c
u l a r ,  
D  
=  
S
(
N  
m
o
d  
C
)
)  
a
n
d

N = N
H
( B )  
5 _  
N
H
( C
)  
n  
N
H
(
D
) ,  
U
s
i
n
g  
1
.
3
,  
w
e  
s
e
e  
t
h
a
t

S(H) = S x C
s ( H )
( B ) .Since C

s ( H )
( B )  
=  
C  
n  
S
(
H
)  
a
n
d  
D  
B  
C
,  
i
t  
f
o
l
l
o
w
s  
t
h
a
t  
D  
n  
S
(
H
)  
=  
B  
x  
C
s
(
H
)
(
3
)
.

Further, since N
H
( C )  n  
N
H
( D )  
n o r m
a l i z e
s  
b o
t h  
C  
n  
S
(
H
)  
a
n
d  
D  
n  
S
(
H
)
,  
f
r
o
m

B E  and C
s ( H )
( B )  
E 0 c
)  
( k  
E  
N
)  
w
e  
n
o
w  
i n
f e
r  
t
h
a
t  
N
H
(
C
)  
n  
N
H
(
D
)  
5
_  
N
H
(
B
)
.

We have shown that N  = N
H
( C )  N
H
( D ) .

Next, assume that C  < X H  and N  N
H
( X ) .  S i n c e  
N / C  i s  
i s o m o r p h i c  
t o  
a
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subgroup of A W E )  containing Inn(E), the normal subgroup ( X  n  N)/C o f  N/C
either contains the unique minimal normal subgroup D/C o f  N/C or is 1 . We have
to exclude the latter case. First note that

X n  S(H) ( X  (  S) x C
s a
_
0
( 1 3 ) ,

(for C s ( B )  = C n  S(H) 5. X n  S(H)) and that D  1 X i s  equivalent to B  1 X.
Therefore, as the simple subgroup B  o f  N  normalizes X  and as B  5 S, in  the case
that X n N = C  we must have that B n  (X n  S) 1 .

Let L  be any simple component of S (i .e., any simple component of S(H)
contained in S); and let It: S ---> L denote the corresponding projection map. Then
L (which is 13
7C
, f o r  
B  
i s  
s u b d
i r e c t  
i
n  
S
)  
n o r
m a l
i z e
s  
(
X  
n  
S
)
,  
w
h
e
n
c
e  
t
h
e  
l
a
t
t
e
r

group is 1  o r  L .  I t  follows from N  5 N
H
( X )  t o g e t h e r  
w i t h  
o u r  
h y p o t h e s i s  
t h a t  
b y

conjugation with the elements of N  the simple components of S are permuted tran-

sitively that, unless X  n  S = 1, (X  n  S)n = L fo r all such L . In  view of B N
s
( X )
together with B  n  (X n  S) 1  we now obtain from 1.3 that X  n  S = 1. Consequent-

ly, C s ( B )  = X n  S(H) X .
Now consider the subgroup B X  o f H. Observe that

BX n  S(H) = B(X fl S(H)) = B x C
s ( H )
( B ) ;this last group is normalized by X. Since X  also normalizes C

s ( H )
( B ) ,  b y  a n  a r g u -
ment as before we see that X  normalizes B; i.e., X  5 NH(B) = N. Having assumed
that X  n  N = C, we obtain a contradiction against our assumption that C  < X, thus
completing the verification of condition (iii) of 1.1a. Hence that result yields that H
is maximal in G = H .

Moreover, H  cleary complements the base group, which is obviously minimal

normal in G. Also, D  n  S(H) = B(C S ( H ) )  = B x C
s ( H )
( B )  <  S  x  C
s ( H )
0 3 )  =  S
( H ) ,

whence 1.1b yields that G e n o t e  that C o r e
G
( H )  =  C o r e
H
( N )  =  1  
f o l l o w s  
f r o m

H e PH and S(H) 1 N —  S(H) N  would require that S(H) S ( N  mod C) = D.

(b) B y  hypothesis, G  = HS(G) E TE;, where H  i s a maximal subgroup of G
such that H  n  S(G) = 1 and S(G) E(m) fo r some m  e M. By the Aschbacher-Scott
Lemma, m  > 1. Moreover, by the Bercov-Lafuente Proposition, G  = E H  wi th

E a simple component of S(G) and N  = N
H
( E ) .  L e t  C  
a n d  D  
b e  
a s  
i n  
1 . 1 a .
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From S(H) O n )  wi th  E  non-abelian simple we deduce that S(H) is a direct
product of minimal normal subgroups of NS(H). I f  K  denotes any one of these, we

may apply 1.1a to get that either K  C  n  S(H), o r  else D  = C(K n  D) i n  which
case D  n  S(H) = (C n  S(H))(K n  D) t a k e  X  = CK i n  condition (iii) o f 1.1a.

Since S(H) C  (recall that C o r e
H
( C )  C o r e
H
( D )  =  
1  
b y  
1 . 1 b ) ,  
t h e r e  
i s  
a  
m i n i
-

mal normal subgroup S (  S ( H )  ) o f  NS(H) not contained in C; and thus the per-
fectness o f D /C ( a  E c f .  1.1a) yields that the remaining minimal normal sub-
groups of NS(H) i n  S(H) are contained in C. Consequently,

C n  S(H) = (C S )  x S*,

where S*  denotes the product of all minimal normal subgroups of NS(H) i n  S(H)
other than S. Now we note that C n S < D n S  and that ,S is a non-abelian minimal

normal subgroup of NS(H), whence C  n  S = 1 follows by means of an argument as
in the third last paragraph of our proof of (a); i n  fact, the argument from there also
shows that D  n  S is a subdirect subgroup of S. Thus C  n  S(H) = S* and

D S ( H )  = (C n  S(II)) x B, where B = D n  S.
Clearly,

B ( D  n  S(H))/(C n  S(H)) a
- ( D  n  S
( 1 - 1 ) ) C / C  
= D  
/ C  
E  
a n d  
S E
N
.

In fact, B  must be a proper subgroup of S. as follows from C o r e
H
( D )  =  1  ( s e e
1.1b) together with S(H) = S x S* = S x (C n  S(H)). Hence S E 0 )  with k,> 1, and
B is a diagonal subgroup of S.

Now observe that C D  5_ CS, C  n  S = 1 and B = D n S Q D  yield that
D = C x B; i n  particular, C  C
H
( B ) .Consequently, w e  may again apply an argument used in part (a) o f this proof to

deduce that N  ( =  N
H
( C )  n  N
H
( D )  
s e e  
1 . 1
a )  
n o r m
a l i z
e s  
B
;  
s
o  
i
t  
r e
m a
i n
s  
t
o

verify that N
H
( B )  
N .  
T o  
p r o
v e  
t h
a t  
C  
=  
C
H
( B
) ,  
w
e  
a
p
p
l
y  
c o
n
d i
t i
o
n  
(
i
i
i
)  
o
f  
1
.
1
a

with X  = C
H
( B )  
(  C
) ;  
n o
t e  
t h
a t  
D  
X  
f o
l l
o w
s  
f
r
o
m  
D  
B  
1  
X
.  
F
i
n
a
l
l
y
,  
f
r
o
m

C = C
H
( B )  
a
n
d  
D
=
C
x
B  
w
e  
c
o
n
c
l
u
d
e  
t
h
a
t  
N
H
(
B
)  
N
H
(
C
)  
n  
N
H
(
D
)  
=  
N
;  
a
n
d  
i
t  
i
s

now obvious that B  E-
N D / C ' L
.
-  N  
E .

As an analogue to the above result for the (easier) case when the simple compo-
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nent of S(G) is a proper section of the simple component of S(H) we record the fol-

lowing stronger version of Lafuente's Theorem from [9] together with a converse.

1.5 THEOREM. Let H  e T
r i  w i t h  S
( H )  F
( n )  
f o r  
s o m
e  
n o n -
a b e l i a
n  
s i m
p l e  
g r
o u
p

F, and let E  be a non-abelian simple group isomorphic to a proper section of F.

(a) Le t A .41. B S ( H )  be such that B /A E  and put N  -,- N
H
( A )  m  N
H
( B ) .

Suppose that A *  = A whenever A*5_ S(H) with A *  n  B = A and N  . N
H
( A * ) .

Then the canonical copy of H in  G  = E %
N H ,  t h e  t w i s t e d  
w r e a t h  
p r o d u c t  
w i t h

respect to the action o f N on E  induced by the isomorphism E  a
- B / A ,  i s  m a x i m a lin G and complements the base group S(G) ( L .
-
E H : N D  ) ;  i n  
p a r t i c u l a r ,  
G  E  
P
l l
' .

(b) Conversely, i f  H  occurs as a core-free maximal subgroup of the group G

and complements S(G), where S(G) is minimal normal in G  and a direct product
of copies of E, then G E E I
N
H ,  a n d  
t h e  
c o n d i t i o n
s  
s t a t e
d  
i n  
( a )  
a r
e  
s a t i s
fi e d  
b
y  
H

and N  (with respect to suitable choices of A and B).

Remark. A  section B /A  o f  S(H) as in 1.5a can always be found provided only that
S(H) has some section Bo/Alt isomorphic to E: choose a subgroup A  o f  S(H) ma-

ximal with respect to the properties that A# A ,  B# N
s ( H )
( A ) ,  B #  n  
A  =  
A t i ,  a n d

set B = B#A.

Using ideas from the proof of Lafuentets Theorem from [9], the proof of 1.5 is
straightforward from 1.1.

In view of Lafuente's Lemma and the remark after the statement of 1.5, the fol-

lowing is immediate from 1.4 and 1.5.

1.6 COROLLARY. L e t H  E fPIJ wi th S (H )  S O  fo r  some non-abelian simple
group F. Then G/S(G) H  fo r  some O  e P
j
j  s a t i s f y i n g  S ( G )  
E ( m )  
w i t h  
E

non-abelian simple i f and only i f one of the following two conditions holds:
(i) E  is isomorphic to a proper section of F;
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(ii) E a F, n > 1, and there exists a (simple) diagonal subgroup B of  some
non-simple direct factor R of  S(H) such that the action of NH(B) on the
set of simple direct factors of R (via conjugation) is transitive.

In particular, a  primitive group H  o f  type II  is isomorphic to G/S(G) fo r

some G e Ti l  unless, perhaps, the simple component of S(H) is a minimal simple
group. In  the latter case, exceptions do occur, even when n  > 1: fo r  an example of
a primitive group H  o f  type II not satisfying condition (i i) above (w i th  respect to
E a F and E  minimal simple), but with n  > 1, t h e  reader is referred to [9].

§2 On the inclusion problem for *groups

In this section we comment on the following

Question. I f  H <• G = E e  P
H
'  ( w i t h  E ,  
a s  
a l w a y s ,  
n o n -
a b e l i a n  
s i m p l
e ) ,  
w h
a t

are the proper subgroups G*  o f  G containing S(G) such that H  n  G* <- G*?

(Observe that H  n  G*  i s  automatically core-free in G* ,  provided only that
H n  G*  <• G* and S(G) G .  A l so  note that, i n  the language o f permutation
groups, th is question asks for the primitive "permutation subgroups" o f the primi-
tive permutation group G, i .e., fo r  those subgroups G*  o f  G which are primitive
with respect to the "same" faithful permutation representation —  namely, the one
on the cosets of H  in  G.)

Assume that S(G) G *  < G = E %
N H  f P
J
j  w i t h  
H  
G .  
P u t  
H *  
=  
H  
n  
G *

and N *  = N n  G*. Clearly, i f  H*  <• G* then S(G) G *  and G*  E  I I * ,  so

this question amounts to asking:



When is H *  <• E %
N
* H *  
a n d  S
( G )  
=  
S
( E  
%
N
*  
H *
) ?
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Consider a series of subgroups G*  = G
o  < -  G
l  < -  < -  
G k  =  
G  
w i t h  
S ( G )  
G .

Clearly, i f  H *  ( = H n  G* ) <• G* then for i  = 1,...,k, H  n  G
i i s  a  c o r e - f r e e  
m a x i -mal subgroup of G
i
.  
C o n v e r s
e l y ,  
i f  
H  
n  
G
i  
<
-  
G
•  
f
o
r  
i  
=  
0 , 1
, . .
. , k
,  
t
h
e
n  
G
*  
i
s  
a

subgroup of G  w i th  the requested properties. Hence we may as well restrict atten-
tion to maximal subgroups of G; i n  fact, the answer to our question we are about to
give for maximal subgroups does not easily translate into a result for general sub-

groups o f G ,  o ther than by saying that i t provides a recursive procedure to find•
those subgroups G*  o f  G we are interested in here.

In the remainder of this section we will deal with thé case when G*  <- G. In  or-

der that S(G) be minimal normal in G* , i t  is necessary that H *  acts transitively on
the set of simple components of S(G), which means that H  = H*N. From this obser-

vation together with 1.2 and 1.4 we obtain a criterion for H *  <- G* i n  the case where
the simple components of S(H) and S(G) are isomorphic:

2.1 PROPOSITION. Suppose that

H <• G = E%
NH  E  
f P
1
j
,  
w h e
r e  
H  
(
E  
P
H  
)  
h
a
s  
E  
a
s  
s
i
m
p
l
e  
c
o
m
p
o
n
e
n t  
o
f  
S
(
H
)
,

and define C  and D  in  terms of N and E as in 1.1. Assume that S(G) 5_ G* <• G,
and put H*  = H n  G* (  <- H ) and N* =N  n  G*.

Then H *  <- G* i f, and only if, the following holds:

(i) H  = H*N; ( i i )  D  H * C ;  ( i i i )  H *  E PH;
(iv) N *  acts transitively (by conjugation) on the set of simple components of

S*, the product of all simple components of S(H*) not contained in N* .

For somewhat more detailed information we have to distinguish several cases

(for each of which we wil l  give an example to show that it can actually arise). We
will retain the notation from the preceding Proposition.
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Case 1: S(H) •• H * .

It is obvious from 2.1 and 1.4 that in this case H *  <• G* i f, and only if, in  addi-
tion to (i) the following two conditions are satisfied:

(HO S(H) is minimal normal in H* ;

(iv') N *  acts transitively on the set of simple components of S.

2.2 EXAMPLE 1. Take H  as the (non-twisted) wreath product E  % S
n  w i t hrespect to the natural permutation representation o f S
n  f o r  s o m e  n  
4 ,  w r i t e  
i t s
base group as On) = E
l  X  X  E
n  ( E
i  
E  
f o r  
i  
1 , . . .
, n ) ,  
c h o
o s e  
S  
=  
E
l  
x  
x  
E
n
_
l
,

and let B  b e  ( S ) ,  t h e  canonical diagonal subgroup o f  S ;  c l e a r l y ,
NH(B) = S
n
.
1
( B  x  
E
n
)  
w i
t h  
t
h
e  
p o
i n
t  
s t
a b
i l
i z
e r  
S
n
_
i  
o
f  
n  
i
n  
S
.  
T
h
e
n  
t
h
e  
s
u
b
g
r
o
u
p

of H  defined by H *  = A
n
E ( n )  
s a t i s fi e s  
( i , i i i ' , i v '
) ,  
f o r  
N *

H = F %
A K  
=  
F  r
b
i
k  
R
O
( A  
X  
A
C
)
]
.

= A
n
_ 1
( 3  
X  
E
n
)
.

Case 2: 1 < H* n  S(H) < S(H).

From 2.1 we get that in this case H *  <- G* i f ,  and only if, i n  addition to
iv) the following condition is satisfied:

(iii") H *  n  S(H) is minimal normal in H *  (cf. the argument below);
Put T  = H* n  S(H). Clearly,

T (  (H* n  E
4
t)h  I  
h  e  
H *  
) ,

where E# is a product of m o f  the simple components of S(H), and H *  n  E# is a
diagonal subgroup of E# isomorphic to E . Here T  -4.1 H*, and hence T  = E(e) fo r
some n  E N, requires that m > 1.

2.3 EXAMPLE 2. Consider the wreath product K  = A % C2 wi th  C2 = (C) o f  order
2 and A  a  group o f outer automorphisms o f a copy F  of our given non- abelian
simple group E  (i.e., A  5_ Aut(F) and A  n  Inn(F) = 1) such that IAI = 3. Write K

as semidirect product (c)(A x AC). Form the corresponding twisted wreath product

By our remark towards the end of the introduction, th is is a primitive group of type
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Il  with S(H) = FT (the base group) fo r  the transversal T  = AC(c) o f  A  in  K.
We write T  = T' u  T" w i th  T '  = Ac and T"  = ACC and define a subgroup H *

of H  containing K  by forming the canonical diagonal subgroup D  o f  FT isomor-
phic to F  and putting

H* = K(D x Dc);

note that D  x Dc is a K-invariant subgroup of F r  x FT* (  = Fr ), and that
H*-•:,...
- 
( A
F )  
%  
(
c
)  
(
A
F  
d
e
n
o
t
i
n
g  
t
h
e  
s
e
m
i
d
i
r
e
c
t  
p
r
o
d
u
c
t
)
;

in particular, H *  e P
H  w i t h  S
( H * )  
=  
D  
x  
D e
L - -
-  
E  
x  
E
.  
*

Further, le t B  be the canonical diagonal subgroup of the subgroup Fl  x Fe o f
Fr. Then B  is c-invariant, whence 1.4 applies: setting

O = E %
N H ,  
w h
e r e  
N  
=  
N
H
( B
)  
a
n
d  
E
2
-
-
.
N  
B
,

provides us with a primitive group G o f  type II such that H  <- G and H  n  S(G) = 1.
Moreover, b y  definition of B, N  n  FT comprises all components Ft  with t

ranging through T  \ ( 1,c). Since D  and Dc are subdirect subgroups of FT and
FTC, respectively, from 1 e T' we infer that

F
r  
=  
a
l
*  
r
)  
F
r
X
N 
n  
F
.
)
.

It follows that H  = KFT = H*N. A  similar argument shows that D  H * C  (where D
and C  are defined as before): indeed, B C
F
i ( B )  F T  =  
( H *  n  
F T ) C
F
T ( 3 ) .

Finally, put G*  = H*S(G) and observe that N *  (  = N n  G* ) interchanges the
two factors E  and Ec, fo r  c is contained in both N  and H* .

We have now verified all the conditions imposed on the groups E, H, G, H*, G*
by our remarks preceding this example.

Case 3: H *  r) S(H) = 1.

In this case the conditions (i-iv) from 2.1 do not simplify any further.

2.4 EXAMPLE 3. Here we begin by choosing the candidate for H * .  L e t C4 be a
cyclic group of order 4, take a copy F*  o f  our given simple group E  and set
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H* = F* % C4, the standard wreath product.

To establish some notation, suppose that C4 = (c) w i th  c  = (1,3,2,4) E S4, and

that F *  % C4 i s  written as a semidirect product C
4
( F t  x  F p  x  
F p  x  
F t )  w i t h  
F r

being the i-th component of the base group (F* )(
4
) a n d  S 4  a c t i n g  
o n  t h e  
l a t t e r  
i n  
t h e

canonical manner by permuting the components. Furthermore, fo r  I  c  ( 1,2,3,4),
i [ X
1  
F r
]  
w
i
l
l  
a
l
w
a
y
s  
d
e
n
o
t
e  
t
h
e  
c
a
n
o
n
i
c
a
l  
d
i
a
g
o
n
a
l  
s
u
b
g
r
o
u
p  
o
f  
X
i
E
i  
F
t  
-
i
s
o
m
o
r
-

phic to F* .
Observe that A tFt  x Ft] x AtFp x Ft] is centralized by the subgroup C2 o f  C4,

so the following is a subgroup of H*:

M
*  
=  
C
2  
x  
(
A
[
F
i
k  
x  
F
p
]  
x  
A
t
F
p  
x

Consider its normal subgroup K *  = C2 x A[9  x  Ft]. Since the corresponding quo-
tient is isomorphic to F* , we may take yet another copy F  o f  E and form the twis-
ted wreath product

H = F r i
m
* H *with respect to the action of M *  on F, with kernel K * ,  induced by F  AtFi kx  Ft]

and M* /K*  A t F t x  Fp] I n n ( A [ F t  x Fn .  Clearly, both H *  and H  are mono-
lithic primitive groups: note that C o r e
H
* ( M * )  =  1 .We choose a right a transversal T  o f M*  in  H *  containing 1 and c, write the
base group of H  as FT, and use a similar convention for the "diagonal subgroup
operator" A  as before. Now let B  = AFF
1 x  F e ]  (  F  
E )  a n d  
N  N
H
( B )  
a n d  
n o t e

that (c) 5 N. Hence 1.4 applies: the twisted wreath product G defined by

G = E %
N
His such that its canonical subgroup H  complementing the base group is a corefree

maximal subgroup.

For a proof of H  = H*N, first observe that B = x  Fe] requires that

N 5. NH(F
1 x  
F e )  
=  
N
H
* ( F
1  
x  
F
e )
F
T  
=  
C
4
( A
[ F
t
x  
F
p
]  
x  
A
t
q
c  
x  
F
a
F
T
,



for

N
H
*
(
F
1  
x  
F
e
)  
=  
N
H
*
(
F
1
)
(
c
)  
=  
1
\
4
*
(
c
)  
=  
C
4
(
A
[
F
i
k  
x  
F
I
'
l  
x  
A
[
F
i
k  
x  
F
.
1
]
)
.

Since obviously

it readily follows that

N n F T = B x  (XSEI(i ,c) F
t
)  a n d  N  
n  
H * =  
N * ,

where

N* = C4 x A{Ft x Fik x 9 ' x Ft].
However, one also checks that

A(F
1 
x  
A
R
'  
x  
F
a  
5
_  
N
.

Consequently,

and we get that
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C
4  
x  
A
[
F
i
k  
x  
F
i
4
c  
x  
F
l
c
x  
F
t
]  
N
,

H  IH*1-1FrI-IH* n  NI 1 0 1 - 1 H *  n  NI
IH:H*NI — —

1H*N1 I H * I - I N I  I N  n  FTI-IN:N n  FTI
-

IFTI-IH* n  NI 1 E 1
-

IN n  Erl-IN:(H* n  N)(N n  FT)I-IH* n  NI l
E I

H = H*N.

Next, we note that from

H* n  N = N* = C4 x A[Ft x Fy x Fjc x Ft]

we get that N *  covers D/C: i n  fact, A [Ft  x FIc x FT x Ft] induces the group of all
inner automorphisms in B.

Finally, we observe that H *  e Pl l  holds trivially, and N *  (which contains c)

clearly acts transitively on ( F
1
, F e l ,  a n d  
s o  
t h e  
g r o u p  
G *  
d e fi n e
d  
b y

G *
=  
E  
%
N
*
H
*

is a subgroup of G satisfying H *  <- G*.

We leave i t to the reader to carry out a corresponding analysis for the case when
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the simple component of S(G) i s a proper section of the simple component of S(11).
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