
Proc. Internat. Conf. Theory of  Groups, Austral. Nat .  Univ.  Canberra,
August 1965, pp. 217-219. (I) Gordon and Breach Science Publishers, Inc. 1967

Varieties and the Hall—Higman paper
L. G. KOVACS

A class 3E of groups is said to have the Burnside property if  N consists
of finite groups and, for each positive integer k, X contains only finitely
many (isomorphism classes of) k-generator groups. Fo r each positive
integer e, let 91, denote the class of finite groups of exponent dividing
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nontrivial normal subgroups is a nonabelian simple group. The factors
of a group are the factor groups of its subgroups.

P. Ha ll and G. Higman [1] gave some reduction theorems fo r the
Burnside conjectures and remarked (p. 39 in  [1]) that "theorems o f
absolute va lid ity"  could also be deduced by their method. The purpose
of th is note is to  p u t  on record some facts about varieties which
follow from, or are closely related to, the paper o f  Ha ll and Higman.
The following statement appears to  express the fu l l  force o f  the ir
method:

(A) I f  N is a class with the Burnside property and D is a class of finite
groups whose Sylow subgroups and simply monolithic factors all lie in  X,
then V also has the Burnside property.

One further observation will be relevant; this relies on more recent
developments. I t  can be checked that each class 91, contains only a
finite number of the simple groups which are known at present (in fact,
each large number which is known to occur as the order o f  a finite
simple group is divisible by some large prime). Let an A*-group be a
locally finite group whose Sylow subgroups are all abelian. According to
Z. Janko, there exist now (mostly unpublished) results (due to  D.
Gorenstein, Z. Janko, J. G. Thompson, J.  H.  Walter, and N. Ward)
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which show tha t  a ll finite simple A  *-groups are known. These facts
and (A) together imply:

(B) F o r  each positive integer e, the class of finite A*-groups of exponent
dividing e has the Burnside property.
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subgroups o f  the groups in  N. (The variety var 2e generated by N is
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was observed that var N is locally finite if  and only if N
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locally finite groups o f  exponent dividing e is a  variety, and (S
e
) i s
equivalent to :  " t h e  class o f  a ll locally finite-and-soluble groups o f
exponent d ivid ing e is  a  varie ty."  I n  particular, A .  I .  Kostrikin 's
result [2] that (R
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locally finite groups o f  exponent dividing p  is a  variety: ca ll i t  the
Kostrikin variety R, of exponent p.

The first o f  the four facts to be mentioned here concerns a special
case o f  the finite basis problem. From Schreier's Theorem i t  follows
easily that the laws of a locally finite variety *3 are finitely based if  and
only i f  *3- can be defined b y  it s  k-variable laws fo r some positive
integer lc. Thus

(1) T h e  laws o f  a r e  not finitely based i f  and only i f  there exist, to
each positive integer k, infinite (k +1)-generator groups of exponent p in
which all k-generator subgroups are finite.

(2) I f  Q3 is a locally finite variety, then the locally soluble groups in
form a subvariety L s
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The proof o f  the first  statement is straight-forward; the  second
follows from Theorem 3.6.2 of [1].

(3) I f  11 is a locally finite variety and 3  is the class of those groups whose
nilpotent factors and finitely generated simply monolithic factors all belong
to It, then *3 is also a locally finite variety.

This is proved from (A). Similarly, one obtains from (B) the following:

(4) F o r  each positive integer e, the class 91: of A*-groups of exponent
dividing e is a (locally finite) variety.
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