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ON A PAPER OF LADISLAV PROCHAZKA

L. G. KovAcs, Manchester
(Received November 1, 1962)

The purpose of this note is to present two theorems and an example.

An abelian group is said to split if it is the direct sum of its maximal torsion
subgroup and a torsion free subgroup.

Theorem A. Let G be an abelian group, n a positive integer, and H a subgroup
of G such that nG < H.

Al. If H splits and its torsion free component is a direct sum of groups of finite
rank, then G also splits.

A2. If G splits and its torsion free component is a direct sum of groups of finite
rank, then H also splits. :

Theorem B. Let G be a torsion free abelian group, n a positive integer, and H
a subgroup of G such that nG < H. .

Bl. If H is a direct sum of groups of rank 1 whose types are inversely well-
ordered in the natural partial order of types, then H =~ G.

B2. If G is a direct sum of groups of rank 1 whose types are inversely well-
ordered in the natural partial order of types, then G =~ H.

Example. There is a direct sum U of torsion free abelian groups of rank 1 whose
types are well-ordered in the natural partial order of types, which has a subgroup V
such that 2U < Vbut Vis not a direct sum of groups of rank 1.

Theorem A generalizes the first halves of Theorems 1 and 2 of L. PROCHAZKA’S
paper [3], where in a similar situation the conclusion of splitting was reached under
more stringent conditions on the torsion free components of H and G respectively.
The other halves of these theorems stated that the torsion free components of H and G
are isomorphic. The example shows (with G = V, H = 2U for Theorem 1 and
G = U, H = Vfor Theorem 2) that for this, even in the torsion free case, his condi-
tions have to be strengthened as is done in Theorem B.
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The main tool in the proof of Theorem A is Theorem 5 of L. Prochazka [3].
This is the special case of Theorem A which arises when H or G, respectively for Al
or A2, is taken to have finite torsion free rank. Several steps from Prochazka’s
paper are incorporated in the proofs here, though item-by-item acknowledgements
are omitted for the sake of fluency. The terminology and notation conforms to that
in L. Fucns’s book [2].

Proof of Al. Let H = P + Y (A, :a < 0) where P is a torsion group, the 4,
are torsion free groups of finite rank, ¢ is an ordinal, and « runs through all the
ordinals that precede ¢. If Tis the maximal torsion subgroup of G and f is an ordinal
such that B < g, then clearly Tn Y (4, : « < ) = 0. Moreover, if Hp is the sub-
group generated by T and the A4, with o < B, one has that:

(1) if B <y S 0, then Hy; = H,;

(2) if < o and 1 is a limit ordinal, then H, = {J (Hg: B < )

(3 ifp<y<o,then H = Hy + Y(4,: f < a < 7); and

4 nGesHcH,cG.

The factor group G/T is torsion free, and so one can speak of the unique pure
closure Gy/T of Hy/T in G/T, for each relevant f.

It is easy to see that

Q) GynH,=Hy, foreach f<y=<o.

For this, it suffices to show that Gy N H, © Hy, as the converse inclusion holds by
definition. Let 0 + g € Gy n H,, and let g = g’ + g” according to the direct decom-
position (3) of H,. As G,/T is the pure closure of Hy/T, some non-zero multiple
mg + T of g + T is contained in Hp/T, and then mg = mg’ + mg” € Hy. This
implies that mg” = 0, and hence, Y (4, : B £ « < ) being torsion free, it follows
~thatg”" =0, g € Hp.

The next thing to observe is that

(6) if B <y < g, then G; < G,
This clearly follows from (1) and from the definition of the Gg. Similarly,

(7) if 2 £ o and 1 is a limit ordinal, then G, =U(G: B <)

To prove this, one shows that G,/T = U (G,/T: f < 1). According to (6), the union U
on the right hand side comes from an ascending chain of pure subgroups; as such,
it is itself pure in G/T; it contains each Hy/T for f < A, and so it contains their union
. which is, according to (2), just H,/T; hence it also contains the pure closure G,|T
of H,/Tin G/T. For the converse inclusion, note that every element of U is in some
Gy/T, that is in the pure closure of some Hy/T, with f < A; thus it is a fortiori con-
tained in the pure closure G,/T of H,/T.

The main step in the proof is the inductive selection of subgroups By, one for each
with f < o, such that Gy = T + B and By = B, whenever B < y < 0. The initial

613



step is a trivial one: as H, = T, also G, = T, and so one can take B, = 0. Suppose
now that 0 < y < o, that the B; have already been selected for each § which precedes
v, and that they all satisfy the above requirements.

If y — 1 exists, choose B, as follows. Let G' = G,/B,_;. As A,_; 0 (B, + T) =
=4, 106G =4, ,nH,nG,_y =4, ynH,_; =0 [by (4), (5), and (3)]’
the subgroup H* generated by 4,_,, B,_,, and T'is their direct sum 4,_, + B,_; +
+ T. Let H = H*|B,_y; then H' = G'. It is seen that H' splits, and that its torsion
free component is of finite rank. Moreover, as nG, = nG = H < H,, also nG, <
< G,n H, = H,, according to (5). Since H, = H,_; + 4,1 S G,—y + 4,-4 =
= H*, it follows that nG’ = H'. Hence, by Theorem 5 of Prochazka [3], G’ splits.
The maximal torsion subgroup of G’ is precisely G,_,/B,_y; for G'/(G,-1/B,-,) is
isomorphic to G,/G, -, and is therefore torsion free (in view of the purity of G,_,/T
in G/T), while G,_,/B,_; = T. Thus the splitting of G’ means that G' = B,/B,_; +
+ G,_4/B,_, for some subgroup B,. Now B, and G,_; generate G,; as B,_; < B,
and G,_; = B,_; + T,itfollows that B, and T also generate G,; moreover, B,nT <
€B,NnG,_ 3 nT=B,_;nT=0.Thus G, =B, + T, and B,_; < B, guarantees
that B, satisfies all other requirements as well; for this case, the inductive step is
complete.

If y — 1 does not exist, then let B, = U (B : B < ). The only thing to show is
* that G, = B, + T. First, B,n T = 0; for, if teB, N T, then t e By for some f
preceding 7y, and therefore ¢t € By n T = 0. Next, if g € G,, then, according to ™,
g € Gy for some f preceding y; hence g = g’ + ¢” with g’ € B; < B, and g"eT;
so B, and T generate G,,.

Consequently, after o steps one obtains a subgroup B, such that G = G, = B, +
+ T. This completes the proof of Al.

Proof of A2.!) Let T be the maximal torsion subgroup of G, and let G = 4 + T.
Then nTis the maximal torsion subgroup of nG; nG = nA + nT; and, as the kernel
of the endomorphism g — ng avoids A, nA = A. Hence H and its subgroup nG
satisfy the assumptions of A1, and so one concludes that H splits.

Proof of BI.

Let H = Y (4, : « < 6) where the A4, are torsion free groups of rank 1, o is an
ordinal, and « runs through all the ordinals which precede ¢. Further, assume that
T(A,) = T(Ap) whenever « < f < 0.

For each ordinal § such that § < o, let Hy; = ) (4, : « < B), and let G; be the
pure closure of Hy in G. Then, as in the proof of Al',' one has that:

(8) if B <y < o, then Hy < H,and G < G,;
(9) if 2 < o and A is a limit ordinal, then
Hi=UH;:p<2) and G, =U(G:8<4);
1y The author thanks Professor A. Kertész for pointing out oversights in the original

versions of the proofs of A2 and B2.
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(10) if B < o, then Hy,, = Hy + Ay; and
(11) if B <y < 0, then Gy N H, = Hj.

The main step of the proof is the application of a lemma of BAEr [1] (Lemma
46.3 in Fucns [2]). This implies that G, is a direct summand of G,,, for every
relevant value of f; the conditions of its application are that

(12) Gp1+1/Gy = Ay, and every element of the difference set Gy, — G, has type
T(Ap) in G, 4, whenever f < o.

The next task is therefore to prove that (12) is true.

First, one remarks that, because of the purity of G,., in G, the type of an element
taken in Gy, is the same as that taken in G. Next, the type of a non-zero element h
in H is the same as that in G: for, if h = p*g with g € G, g ¢ H, then g + H has
p-power order in G/H; now, if p™ is the highest power of p dividing n, then p™g € H;
consequently, the p-height of & in G is not greater than m plus the p-height of h in H;
as m is 0 for almost all primes p, the assertion follows. Thirdly, as every H, and
every A, is pure in H, the type of an element of H, or 4, in H, or A,, respectively, is
again the same as that in G. Thus there will be no ambiguity if the symbol T(g)
will be used for the type of g in any of these subgroups which contains g.

Immediate consequences of these remarks are that T(a) = T(4,) whenever
0+ aeAd, for every « which occurs here, and that, since T(4,) = T(4;) when
« = B <o, T(h) = T(A4y) for each non-zero element h of Hy., ;.

Let K be the subgroup generated by G, and Ag. Since 4y = Hyyy S Gyyy, K is
contained in Ggyy. Also, Gy N Ay = Gy Hpy 0 Ag = Hy n Ay = 0 [according
to (11)], so that in fact K = G, + A,. Moreover, nGg.y € nG < H = H, and so,
again by (11),

(13) nGﬁ.‘.l c Ho. N Gﬂ+1 = Hp+1 é K.

Thus the situation is that Gy /Gy is torsion free (because Gy is pure), and its multiple
n(Gp.+1/Gp) is contained in the subgroup K/Gy of rank 1. Hence (Gg.,/Gp)/(K/Gy) is
finite, as can be seen directly or from Lemma 5 of Prochdzka [3]. This in turn implies
that Gy ,.,/Gg is isomorphic to K/G, and so to Ay. The first part of (12) is thus proved.

Let g be an arbitrary element of Gz, ; — Gj. The line (13) gives that ng € Hy, =
= Hy + Ag, whenceng = h + a with h e Hg, a e Ag. Since Gy is pure, a cannot be 0.
If h = 0, then T(ng) = T(a) = T(Ap). If h + 0, the type of ng can still be evaluated
with reference to this direct decomposition: as T(h) = T(4,) and T(a) = T(4),
one gets that T(ng) = T(h) n T(a) = T(Az). Thus T(ng), which is, of course, the
same as T(g), is in either case T(4,). This completes the proof of (12).

Thus it is possible to apply BAER’s lemma, and so to conclude that Gg.; = G; + By
with suitable subgroups By, for each g which precedes o. Note that By = Gp,/G, = .
~ 4,.

It is easy to see that the B; are independent. Indeed, a non-trivial relation by, +
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+ ...+ by, =0 with by, €By,...,0 % by €By, f; < By <... <Py, would give
b=by + ...+ by_, Gy, b+ by, =0, contrary to the directness of the sum
G;, + By,. Thus the subgroup generated by the By is in fact their direct sum.

It remains to prove that this subgroup is the whole of G; for then arbitrary iso-
morphisms between the 4 and B induce an isomorphism between G and H. In
other words, as G = G,, one requires a special case (that in which f = o) of the
following statement:

(14) Gy =Y(B,:a <) whenever f<o.

This statement is conveniently proved by a contradiction argument. Suppose that (14)
is not true, and let y be the first ordinal such that (14) is false for § = y. Then y # 0,
for (14) is trivially true when § = 0. If y has a predecessor, then (14)is truefory — 1,
and so a contradiction follows: G, = G,_; + B,y = Y(B,:a<y—1)+B,_; =
= (B, : & < ). If y is a limit ordinal, then (9) can be applied to deduce that

YB,:a<y)=U{B:a<P:B<r3=U(Gs:8<7)=06,,
which is again a contradiction. This completes the proof of Bl.

Proof of B2. As g — ng is an isomorphism of G onto nG, one has that G = nG
and that B1 can be applied to H and nG in place of G and H. Hence Bl gives that
nG = H, and so one concludes that G =~ H.

The example. Let R; be the additive group of those rational numbers whose
denominators are composed of the first i odd primes only, for 1 =i < w. Let
(4;: 1 £ i < w) be an independent subset of a torsion free divisible abelian group,
and let U be the subgroup given as Y (Ru; : 1 £ i < w). It is immediate that the
type of a non-zero element u in U is T(R;) where j is the first suffix for which the
R;u;-component of u (in this direct decomposition of U)is not 0. Consequently, the
set of types of elements of U is (T(R;): 1 £ i < w), a naturally well-ordered set.
Moreover, the subgroup U; consisting of the elements of type at least T (R)) is
precisely Y (Rju; :j £ i < ).

Let V be the subgroup generated by 2U and the elements u; — u;,4,for 1 =i < w.
It is easy to see that the type of a non-zero element of V taken in V is the same as
that taken in U.

Assume, for a contradiction argument, that Vis a direct sum of groups of rank 1,
V=Y(4;:1 =i < w); here the same suffixes can be used as before, since V'is of
countable rank, but there is no relation implied between A4; and Ru;. The only
thing that follows immediately is that to each i there is an i’ such that T(4;) =
= T(R;). As 2u eV, 2u; ey (A4;:1 £i £ k) for some positive integer k. Let
j=1+max(i':1 < i < k). Then in the direct decomposition

(15) V=Y A;:12i <j)+YA:jSi <o).

‘2u1 is contained in the first summand, while the second summand is precisely the
subgroup V; consisting of those elements of ¥ whose types are at least T(Rj), so
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that this second summand contains 2u;. If the corresponding decomposition of
(g —uy) + ... + (uj_y —u;)is a + b, then 2a + 2b = 2u; — 2u;, whence 2a =
= 2uy with a € ¥, and then of course u; = a € V too. It follows therefore that u,
can be written as a linear combination of finitely many of the generators of V; that
is,

uy =ny(uy —uy) + oo+ MUy — Upyq) + 27Uy + oor + 2Py Uy

for suitable integers ny, ..., n,,and elements r; of the R;,i = 1, ..., m + 1. Comparing
the coefficients of the independent elements u,, ..., u,, 4, on the two sides, one obtains
that

(16.1) 1=mny+2r,

(16.2) 0= —ny + n, + 2r,,
(16. m) 0-;- — M-y + n, + 2r,,
(16.m + 1) 0= —n, + 2r,.q.

Since the denominators of the r; are divisible by odd primes only, (16.1)—(16. m + 1)
imply that the r; are in fact integers. Thus (16. m + 1) implies that n,, is even; hence
(16. m) implies that n,,_; is even; and so on: (16.2) gives that n, is even, so that
(16.1) represents 1 as the sum of two even numbers, which is impossible. This contra-
diction proves that ¥ cannot be a direct sum of groups of rank 1.
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Pe3roMe

OB OJHOW CTATBE JIAIVCIIABA TIPOXA3KU

JI. T'. KOBAY (L. G. Kovéics), Mangectep

B craTtre moxazaHsl IpeXAe BCEro CICOYIOIINEC OBC TCOPEMBI.

Teopema A. IIycmv G — abeaesa epynna, nycms n — HAMypaibHoe YUcA0 U nycmbo
H — makaa nooepynna 6 G, umo nG < H.
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Al. Ecau H pacwenasema u ecau ee ciazaemoe 6e3 KpyueHus A6AAeMCA NPAMOiL
CYyMMOTL 2pynn KoHeuHo20 panza, mo G 6yoem makice pacuyeniiemoi.

A2. Ecau G pacwenasema u ecau ee ciazaemoe 6e3 KpYueHUA ABAAEMCA NPAMOIL
Ccymmoil 2pynn KoHeuHoz20 paunea, mo H 6ydem maxce pacwenisemoii.

Teopema B. IIycmv G — abeaesa 2pynna 6e3 KpyueHus, nycmo n — HamypabHoe
yucao u nycme H — maxas nooepynna ¢ G, umo nG < H.

Bl. Ecau H sagasemca npamoii cymmoti 2pynn panza 1, munvi komopuix npedcmagis-
10m UHEEPCHO 6NOAHE YNOPAOOUEHHOE MHONCECMEO OMHOCUIMEAbHO YACMUYHO20 YHOPA-
Oouenus munog, mo H = G.

B2. Ecau G sasasemca npamoii cymmoii epynn panza 1, munvi Komopeix npeo-
CMAgAAIOM UHEEPCHO BNOAHE YNOPAOOUEHHOE MHONCECIBO OMHOCUMENBHO YACMIUYHOZO
ynopaoouenua munos, mo G = H.

Kpome Toro, B crathe mocrpoeH mpmMep rpynnbl U, SBISIOLIEHCS IpAMOi
CyMMoOM rpynm 06e3 KpydyeHHs paHra 1, THOBI KOTOPBIX IPEACTABJISAIOT BIIOJIHE
YOOPSATOYEHHOE MHOXECTBO OTHOCHTENIBHO YaCTHYHOTO YIOPSIOYCHUS THIOB;
HO, rpynna U cofepXHT Takyro moarpymny V, 9ro 2U < V u noarpynna V He sABIs-
€TCcs NpsIMOM CcyMMO# rpymm panra 1.
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