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ON A  PAPER OF LADISLAV PROCHAZKA

L. G. Kovkcs, Manchester
(Received November 1, 1962)

The purpose of this note is to present two theorems and an example.

An abelian group is said to split i f  it is the direct sum of its maximal torsion
subgroup and a torsion free subgroup.

Theorem A. Let G be an abelian group, n a positive integer, and H a subgroup
of G such that nG H .

Al.  I f  H splits and its torsion free component is a direct sum of groups of finite
rank, then G also splits.

A2. I f  G splits and its torsion free component is a direct sum of groups of finite
rank, then H also splits.

Theorem B. Let G be a torsion free abelian group, n a positive integer, and H
a subgroup of G such that nG H .

Bl. I f  H is a direct sum o f  groups o f rank i  whose types are inversely well-
ordered in the natural partial order of types, then H G .

B2. I f  G is a direct sum of groups o f rank 1 whose types are inversely well-
ordered in the natural partial order of types, then G H .

Example. There is a direct sum U of torsion free abelian groups of rank 1 whose
types are well-ordered in the natural partial order of types, which has a subgroup V
such that 2U V  but Vis not a direct sum of groups of rank 1.

Theorem A generalizes the first halves of Theorems 1 and 2 of L. PROCIaZKA'S
paper [3], where in a similar situation the conclusion of splitting was reached under
more stringent conditions on the torsion free components of H and G respectively.
The other halves of these theorems stated that the torsion free components of H and G
are isomorphic. The example shows (with G =  V, H  = 2U fo r Theorem 1 and
G = U, H =-- V  for Theorem 2) that for this, even in the torsion free case, his condi-
tions have to be strengthened as is done in Theorem B.



The main tool in the proof of Theorem A  is Theorem 5 o f L. Proehdzka [3].
This is the special case of Theorem A which arises when H or G, respectively for Al
or A2, is taken to have finite torsion free rank. Several steps from Prochdzka's
paper are incorporated in the proofs here, though item-by-item acknowledgements
are omitted for the sake of fluency. The terminology and notation conforms to that
in L. FucHs's book [2].

Proof o f  A l.  Let H  = P + :  cc <  (i
) w h e r e  P  i s  
a  t o r s i o n  
g r o u p ,  
t h e  
A
c e

are torsion free groups of finite rank, a is an ordinal, and a runs through all the
ordinals that precede cr. I f  T is the maximal torsion subgroup of G and fi is an ordinal
such that fi u ,  then clearly T  n 1(A, : cc <  fi) O .  Moreover, i f  H
fi i s  t h e  s u b -group generated by T and the A, with a < [I, one has that:

(1) i f  ,8 y  a ,  then H
fi g  H
y
;

(2) i f  yl a n d  2 is a limit ordinal, then H U  (H :  fi <  2);
(3) i f  fi y  u ,  then Hy = +  DA ,  : /
3  c c  <  y ) ;  
a n d
(4) nG g. H  g  H,  g_ G.
The factor group GIT is torsion free, and so one can speak of the unique pure

closure G
s
I T  
o f  
H
s
I T  
i
n  
G I
T ,  
f
o
r  
e
a
c
h  
r e
l e
v
a
n t  
f
i
.

It is easy to see that

(
5
)

G
1
3 
H 
y  
=  
1
/
1
3
,  
f
o
r  
e
a
c
h  
1
6  
y  
u  
•

For this, it  suffices to show that G
s n  H y  H ,  
a s  
t h e  
c o n v e r s
e  
i n c l u s i
o n  
h o l d
s  
b y

definition. Let O +  g E G
s n  H
y
,  a n d  
l e t  
g  
g '  
+  
g "  
a c c o r
d i n g  
t
o  
t h
e  
d i r
e c t  
d e
c o
m -

position (3) o f  H .  As G
s
I T  i s  t h e  
p u r e  
c l o s u r
e  
o f  
H I T
,  
s o
m e  
n o n -
z e r o  
m u l
t i p
l e

mg +  T  o f  g +  T  is contained in  H
s
/ T ,  a n d  t h e n  
m g  
m g '  
+  
m g "  
e  H
fi
.  
T h i
s

implies that mg" =  0, and hence, E(A„ : c c  < y) being torsion free, it  follows
that g" 0 ,  g

The next thing to observe is that

(6) i f  fi y  u ,  then G
s G  y .This clearly follows from (1) and from the definition of the G. Similarly,
(7) i f  a  and 2 is a limit ordinal, then G
A +  U  :  / 3  
<  2 ) .

To prove this, one shows that G,IT U  ( G
s
/ T :  1 3  <  2 ) .  
A c c o r d i n g  
t o  
( 6 ) ,  
t h e  
u n i o n  
U

on the right hand side comes from an ascending chain of pure subgroups; as such,
it is itself pure in GIT; it contains each H
p
I T  f o r  fi  <  
2 ,  a n d  
s o  i t  
c o n t a i n s  
t h e i r  
u n i o
n

which is, according to (2), just H,/T, hence it also contains the pure closure G
A
/ T
of H
A
/
T i n  
G
I
T
.  
F
o
r  
t
h
e  
c
o
n
v
e
r
s
e  
i
n
c
l
u
s
i
o
n
,  
n
o
t
e  
t
h
a
t  
e
v
e
r
y  
e
l
e
m
e
n
t  
o
f  
U  
i
s  
i
n  
s
o
m
e

G
fi
/
T
,  
t
h
a
t  
i
s  
i
n  
t
h
e  
p
u
r
e  
c
l
o
s
u
r
e  
o
f  
s
o
m
e  
H
I
T
,  
w
i
t
h  
/
3  
<  
2
;  
t
h
u
s  
i
t  
i
s  
a  
f
o
r
t
i
o
r
i  
c
o
n
-

tained in the pure closure G,IT of H
A
/ T .

The main step in the proof is the inductive selection of subgroups Bp, one for each )3
with fi a ,  such that G
s =  T  +  
1 3
1
3  a n d  
B
p  
g  
B
y  
w h e n
e v e r  
)
6  
y  
a
.  
T
h
e  
i n i
t i a
l
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step is a trivial one: as H
o  =  T ,  
a l s o  G
o  =  
T ,  
a n d  
s o  
o n
e  
c a
n  
t a
k e  
B
o  
=  
O
.  
S u
p p
o s
e

now that O <  y a ,  that the B
p h a v e  
a l r e a d y  
b e e n  
s e l e c t e
d  
f o r  
e a c
h  
/ 3  
w h i
c h  
p r e c
e d e s

y, and that they all satisfy the above requirements.
I f  y — I  exists, choose B
y a s  
f o l l o w s .  
L e t  
G
1  
=  G
7
l B
7
_
1
.  
A
s  
A
y
_  
( -
)  
( 1
3 7
1  
+  
T
)  
=

= A
y
_
i  
n  
G
y  
=  
A
y
-  
n  
H
„  
n  
G
y
_
,  
=  
A
y
_  
=  
O  
[
b
y  
(
4
)
,  
(
5
)
,  
a
n
d  
(
3
)
1

the subgroup H* generated by A
y
_
i
,  B
y
_  a n d  
T i s  
t h e i r  
d i r e c t  
s u m  
A
y
_
t  
+  
B
y
_
i  
+

+ T. Let H' =  H* I B
7
_
1
;  t h e n  
H '  
G ' .  
I t  
i s  
s e e
n  
t h
a t  
H
'  
s p l
i t s
,  
a
n
d  
t
h
a
t  
i
t
s  
t o
r s
i o
n

free component is o f finite rank. Moreover, as nG, g  nG g  H g  14, also nG, _g
g G
y
n  
H
„  
H
,
,
,  
a
c
c
o
r
d
i
n
g  
t
o  
(
5
)
.  
S
i
n
c
e  
H
y  
=  
H
y
_
i  
+  
A
y
_
l  
G
y
_
l  
+  
A
y
_
l  
=

= H*,  it follows that nG' g  H'. Hence, by Theorem 5 of Prochdzka [3], G' splits.
The maximal torsion subgroup of G' is precisely G7_7[137_1; for G A G
y
_
l
/ B , _ , )  i s

isomorphic to G
y
l G
y
_
i  a n d  
i s  
t h e r e
f o r e  
t o r
s i o
n  
f r
e e  
(
i
n  
v
i
e
w  
o
f  
t
h
e  
p
u
r i
t
y  
o
f  
G
y

in G/T), while G
7
_
1
I B
7
_
1  L 2  
T .  
T h u
s  
t h
e  
s p l i
t t i n
g  
o
f  
G
'  
m
e
a
n s  
t
h
a
t  
G
'  
=  
B
y
l B
y
_
l  
+

+ G
7
_
1
1 B
7
_
1  
f
o
r  
s
o
m
e  
s
u
b
g
r
o
u
p  
B
y
.  
N
o
w  
B
y  
a
n
d  
G
7
_
1  
g
e
n
e
r
a
t
e  
G
y
;  
a
s  
B
y
_
i  
g  
B
y

and Gyl
.  =  
B
y
_ ,  
+  
T
,  
i
t  
f o
l l
o
w
s  
t
h
a
t  
B
y  
a
n
d  
T  
a
l
s
o  
g
e
n
e
r
a
t
e  
G
y
;  
m
o
r
e
o
v
e
r
,  
B
y  
n  
T  
g

g By c
-
) G
y  
1  
n  
T  
=  
B
y
_
. ,  
n  
T  
=  
O
.  
T
h
u
s  
G
y  
=  
B
y  
+  
T
,  
a
n
d  
B
y
_
l  
g  
B
y  
g
u
a
r
a
n
t
e
e
s

that B, satisfies all other requirements as well; for this case, the inductive step is
complete.

I f  y — 1 does not exist, then let B
y —  U  ( B
p  :  fi •  
<  7 )  
•  
T h e  
o n l y  
t h i n g  
t o  
s h o
w  
i s

that Gy = By +  T. First, By n  T 0 ;  for, i f  t  e By n T, then t  e .14 fo r some fi
preceding y, and therefore t  a Bp n T = O. Next, i f  g E G
y
, t h e n ,  a c c o r d i n g  
t o  ( 7 ) ,

g e Gp for some fi preceding y; hence g =  g' +  g" with g' e B
p g  B
y  a n d  g "  e  
T ;

so B
y 
a
n
d  
T  
g
e
n
e
r
a
t
e  
G
y
e

Consequently, after a steps one obtains a subgroup B, such that G G ,  =  B, +
+ T. This completes the proof of Al.

Proof of A2.
1
) L e t  
T  
b e  
t h e  
m a x
i m a
l  
t o r
s i o
n  
s u
b g
r o
u p  
o
f  
G
,  
a
n
d  
l
e
t  
G  
=  
A  
+  
T
.

Then nTis the maximal torsion subgroup of nG; nG =  nA +  nT; and, as the kernel
of the endomorphism g n g  avoids A, nA A .  Hence H  and its subgroup nG
satisfy the assumptions of Al, and so one concludes that H splits.

Proof o f Bl.

Let H = E(A.„ : <  a) where the A„ are torsion free groups o f rank 1, a is an
ordinal, and a runs through all the ordinals which precede a. Further, assume that
T(A„) T ( A )  whenever ß  <  a.

For each ordinal f3 such that /3 a ,  let H
p  E ( A ,  :  
c c  <  /
3 ) ,  a n d  
l e t  G
p  
b e  
t h e

pure closure of H
o  i n  G .  
T h e n ,  
a s  
i n  
t h
e  
p r o
o f  
o
f  
A
l
,  
o
n
e  
h
a
s  
t
h
a
t :

(8) i f  y  a ,  then H
fi g  H
y  a n d  
G p  G
y
;

(9) i f  A a  and 2 is a limit ordinal, then
H
A  
=  
(
H
p  
<  
2
)  
a
n
d  
G
A  
=  
(
G
p  
:  
f
i  
<  
A
)  
;

1
)  
T
h
e 
a
u
t
h
o
r  
t
h
a
n
k
s 
P
r
o
f
e
s
s
o
r  
A
.  
K
E
R
T
t
S
Z 
f
o
r  
p
o
i
n
t
i
n
g 
o
u
t  
o
v
e
r
s
i
g
h
t
s 
i
n 
t
h
e 
o
r
i
g
i
n
a
l

versions of  the proofs of  A2 and B2.
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(10) i f  ß <  a, then H
fi + 1  =  
H
fi  +  
A
ß
;  
a n d

(11) i f  [1 y  a ,  then G
s n  I I ,  H
1
3 .

The main step of the proof is the application of a lemma of BAER [1 ]  (Lemma
46.3 in  FUCHS [2]). This implies that G
s i s  a  d i r e c t  
s u m m a n d  
o f  G
fi
. ,
1  
f o r  
e v e r y

relevant value of 13; the conditions of its application are that

(12) G
s
, , I G
s  
A
ß
,  
a
n
d  
e
v
e
r
y  
e
l
e
m
e
n
t  
o
f  
t
h
e  
d
i
f
f
e
r
e
n
c
e  
s
e
t  
G
f
i
+
,  
—  
G
f
i  
h
a
s  
t
y
p
e

T(A
ß
) 
i n  
G
s
,
i
,  
w
h
e
n
e
v
e
r  
)
6  
<  
a
.

The next task is therefore to prove that (12) is true.
First, one remarks that, because of the purity of G
s + 1  i n  G ,  t h e  
t y p e  o f  
a n  
e l e m e n t

taken in G
fi
,
1  i s  
t h e  
s a
m e  
a
s  
t h
a t  
t
a
k
e
n  
i
n  
G
.  
N
e
x
t
,  
t
h
e  
t
y
p
e  
o
f  
a  
n
o
n
-
z
e
r
o  
e
l
e
m
e
n
t  
h

in H is the same as that in G: for, i f  h = p
k
g  w i t h  g  E  
G ,  g  
§ t  H ,  
t h e n  
g  
+  
H  
h a s

p-power order in G/H; now, if  p
m i s  t h e  
h i g h e s t  
p o w e r  
o f  
p  
d i v i d i
n g  
n ,  
t h e
n  
p i n
g  
E  
H
;

consequently, the p-height of h in G is not greater than in plus the p-height of h in H;
as m is O for almost all primes p, the assertion follows. Thirdly, as every H„ and
every A
G
, i s  
p u
r e  
i
n  
H
,  
t
h
e  
t
y
p
e  
o
f  
a
n  
e
l
e
m
e
n
t  
o
f  
1
1
,
,  
o
r  
A
c
e  
i
n  
H
„  
o
r  
A
„
,  
r
e
s
p
e
c
t
i
v
e
l
y
,  
i
s

again the same as that in  G. Thus there will be no ambiguity if  the symbol T(g)
will be used for the type of g in any of these subgroups which contains g.

Immediate consequences o f  these remarks are that T(a ) =  T(24,,) whenever
0 + a a A„, fo r every a which occurs here, and that, since T(A„) T ( A
s
)  w h e n

fi <  a, T(h) T ( A
ß
)  f o r  
e a c h  
n o n -
z e r o  
e l e
m e n
t  
h  
o
f  
H fi
„ .

Let K be the subgroup generated by Gfi and A
ß
.  S i n c e  A
ß  H
fi
, ,  g  G fi
+ 1 ,  
K  
i s

contained in  G
fi
,
l
.  
A l s o ,  
G
s  
n  
A
s  
=  
G
s  
n  
H
s
„  
n  
A
s  
=  
H
s  
n  
A
s  
=  
0  
[ a
c c
o r
d i
n g

to (11)], so that in fact K  = G
s +  A
s
.  M o r e o v e r ,  
n G
s + 1  
n G  
H  
=  
H
a  
a n
d  
s o
,

again by (11),

(13) n G
s
,
1  
g  
H
o
.  
n  
G
s
+ 1  
=  
H
p
+
1  
K

Thus the situation is that G
in
.  1
/ G
fi  i s  
t o r s i o n  
f r e e  
( b e c a u
s e  G
fi  
i s  
p u r
e ) ,  
a n
d  
i t
s  
m u l
t i p
l e

n ( G
s +
, I G
s
)  
i
s  
c
o
n
t
a
i
n
e
d  
i
n  
t
h
e  
s
u
b
g
r
o
u
p  
K
I
G
s  
o
f  
r
a
n
k  
1
.  
H
e
n
c
e  
(
G
fi
+
1
/
G
d
/
(
K
/
G
ß
)  
i
s

finite, as can be seen directly or from Lemma 5 of Prochazka [3]. This in turn implies
that G
fi+  i
/ G
fi  
i s  
i s
o m
o r
p h
i c  
t
o  
K
/
G
fi  
a
n
d  
s
o  
t
o  
A
ß
.  
T
h
e  
f
i
r
s
t  
p
a
r
t  
o
f  
(
1
2
)  
i
s  
t
h
u
s  
p
r
o
v
e
d
.

Let g be an arbitrary element of G
fi + 1  —  G p .  
T h e  
l i n e  
( 1 3 )  
g i v e s  
t h a t  
n g  
E  
H
s + 1

= H
s  
+  
A
s
,  
w
h
e
n
c
e  
n
g  
=  
h  
+  
c
i  
w
i
t
h  
h  
e  
H
s
,  
a  
E  
A
s
.  
S
i
n
c
e  
G
s  
i
s  
p
u
r
e
,  
a  
c
a
n
n
o
t  
b
e  
O
.

I f  h =  0, then T(ng) =  T(a) =  T(A
s
).  I f  h  0 ,  
t h e  
t y p e  
o f  
n g  
c a n  
s t i l l  
b e  
e v a l u a
t e d

with reference to this direct decomposition: as T(h) T ( A
s
)  a n d  T ( a )  =  T
( A
s
) ,

one gets that 7"(ng) =  T(h) n  T(a) =  T(A
s
).  T h u s  T ( n g ) ,  
w h i c h  
i s ,  
o f  
c o u r s e ,  
t h e

same as T(g), is in either case T(A
ß
).  T h i s  
c o m p l e t e s  
t h e  
p r o o f  
o f  
( 1 2 ) .

Thus it is possible to apply BAER'S lemma, and so to conclude that Gfi+1= G
s +  B
s

with suitable subgroups B
s
,  f o r  e a c h  
fi  
w h i c h  
p r e c e d
e s  
a .  
N o t
e  
t h
a t  
B
p  
G
fi + i
/ G
fi

A
ß
.
It is easy to see that the B
fi a r e  
i n d e p e n d e n
t .  
I n d e e d
,  
a  
n o n -
t r i v i a
l  
r e l a
t i o n  
b
s
,  
+
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+ +  b
p
,  —  
0  
w i t
h  
b
p i  
e  
B
p
„  
0  
+  
E  
B
i
t
o  
f
i
t  
<  
f
i
2  
<  
•  
<  
fi
k
,  
w
o
u
l
d  
g
i
v
e

b =  b
p
,  
+  
+  
b
ß
k
l  
E  
G
p
k
,  
b  
+  
b
ß
k
=  
0
,  
c
o
n
t
r
a
r
y  
t
o  
t
h
e  
d
i
r
e
c
t
n
e
s
s  
o
f  
t
h
e  
s
u
m

Gp
k 
+  
B
k
.  
T
h
u
s  
t
h
e  
s
u
b
g
r
o
u
p  
g
e
n
e
r
a
t
e
d  
b
y  
t
h
e  
B
p  
i
s  
i
n  
f
a
c
t  
t
h
e
i
r  
d
i
r
e
c
t  
s
u
m
.

It remains to prove that this subgroup is the whole of G; for then arbitrary iso-
morphisms between the A  and B induce an isomorphism between G and H. In
other words, as G = G ,  one requires a special case (that in which 13 =  a) o f the
following statement:
(14) G
ß  
=  L
( B
G
,  
:  
a  
<  
fi )  
w h
e n
e v
e r  
fi  
o
-

This statement is conveniently proved by a contradiction argument. Suppose that (14)
is not true, and let y be the first ordinal such that (14) is false for /3 = y. Then y +  0,
for (14) is trivially true when /3 = O. If y has a predecessor, then (14) is true for y — 1,
and so a contradiction follows: Gy +  B
y
_ ,  = I ( B „ :  c c  
<  y  
—  1 )  
+  I  
=

= L o
x  :  
o i  
<  
y
) .  
I
f  
y  
i
s  
a  
l
i
m
i
t  
o
r
d
i
n
a
l
,  
t
h
e
n  
(
9
)  
c
a
n  
b
e  
a
p
p
l
i
e
d  
t
o  
d
e
d
u
c
e  
t
h
a
t

I (B ,
x :  
<  
y
)  
(  
1
E
(
1
3
2  
:  
<  
f
i
)  
:  
f
i  
<  
y
l  
=  
(
G
s  
<  
y
)  
G
y

which is again a contradiction. This completes the proof of Bl.
Proof o f B2. As g —› ng is an isomorphism of G onto nG, one has that G n G

and that B1 can be applied to H and nG in place of G and H. Hence B1 gives that
nG H ,  and so one concludes that G H .

The example. Let R
i  b e  t h e  
a d d i t i v
e  
g r o
u p  
o f  
t h o
s e  
r a t
i o n
a l  
n u
m b
e r
s  
w
h
o
s
e

denominators are composed o f  the first i  odd primes only, fo r 1 i  <  co. Let
(u
i 
:  
1  
•
•  
i  
<  
(
o
)  
b
e  
a
n  
i
n
d
e
p
e
n
d
e
n
t  
s
u
b
s
e
t  
o
f  
a  
t
o
r
s
i
o
n  
f
r
e
e  
d
i
v
i
s
i
b
l
e  
a
b
e
l
i
a
n  
g
r
o
u
p
,

and let U be the subgroup given as L (R
i
u ,  : 1  i  <  
c o ) .  I t  
i s  
i m m e d i a t e  
t h a t  
t h e

type of a non-zero element u in U is T(R) where j is the first suffix for which the
R
i
u
i
-
c
o
m
p
o
n
e
n
t  
o
f  
u  
(
i
n  
t
h
i
s  
d
i
r
e
c
t  
d
e
c
o
m
p
o
s
i
t
i
o
n  
o
f  
U
)  
i
s  
n
o
t  
O
.  
C
o
n
s
e
q
u
e
n
t
l
y
,  
t
h
e

set o f types o f elements of U is (T(R
i
) :  I  i  <  
c o ) ,  a  
n a t u r a l l y  
w e l l -
o r d e r e d  
s e t
.

Moreover, the subgroup U
i  c o n s i s t i n g  
o f  
t h e  
e l e m e n
t s  
o f  
t y p
e  
a
t  
l e a
s t  
T ( R
i
)  
i
s

precisely L(R
i
u, i  
<  
c o )
.

Let 1/be the subgroup generated by 2U and the elements u, — u ,,,, for 1 i  <
It is easy to see that the type of a non-zero element of V taken in V  is the same as
that taken in U.

Assume, for a contradiction argument, that V is a direct sum of groups of rank 1,
= E(A, : 1 i  <  to); here the same suffixes can be used as before, since 1/ is o f

countable rank, but there is no relation implied between A
i  a n d  R
i
n
i
.  T h e  o n l y

thing that follows immediately is that to each i  there is an i '  such that T(A
i
) =
— T(R
i
, ) .  
A s  
2 u
1  
e  
V
,  
I
l
l  
E
E
(
A
,  
:  
1  
i  
k
)  
f
o
r  
s
o
m
e  
p
o
s
i
t
i
v
e  
i
n
t
e
g
e
r  
k
.  
L
e
t

1 +  max (i' :1 i  k ) .  Then in the direct decomposition

(15) V  = ( A :  i '  <  +  Y ( A
i  : j  i '  <  c o )2u
1 
i
s  
c
o
n
t
a
i
n
e
d  
i
n  
t
h
e  
f
i
r
s
t  
s
u
m
m
a
n
d
,  
w
h
i
l
e  
t
h
e  
s
e
c
o
n
d  
s
u
m
m
a
n
d  
i
s  
p
r
e
c
i
s
e
l
y  
t
h
e

subgroup V
i 
c o n s i
s t i n g  
o
f  
t h
o s
e  
e l
e m
e n
t s  
o
f  
V  
w
h
o
s
e  
t
y
p
e
s  
a
r
e  
a
t  
l
e
a
s
t  
T
(
R
)
,  
s
o
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that this second summand contains 214
.1
. I f  t h e  
c o r r e s p o n d i n g  
d e c o m p o s i t
i o n  
o f

(u, — 14
2
) +  
+  
( n
i
_ ,  
—  
n
i
)  
i
s  
a  
+  
b
,  
t
h
e
n  
2
a  
+  
2
b  
=  
2
1
4
1  
—  
2
u
1
,  
w
h
e
n
c
e  
2
a

— 2a
1 
w i
t h  
a  
e  
V
,  
a
n
d  
t
h
e
n  
o
f  
c
o
u
r
s
e  
u
/  
=  
a  
e  
V  
t
o
o
.  
I
t  
f
o
l
l
o
w
s  
t
h
e
r
e
f
o
r
e  
t
h
a
t  
u
/

can be written as a linear combination of finitely many of the generators of V; that
is,

14, ---- —  u
2
) +  
+  n
m
( u
m  
—  
u
m
,
i
)  
+  
2 r
1
u
1  
+  
+  
2 r ,
n + l
u
m
+ 1

for suitable integers 11
1
, n „ ,  
a n d  
e l e m e n
t s  r
i  
o f  
t h
e  R
i
,  
i  
=  
1
,  
m  
+  
1
.  
C o
m p
a r i
n g

the coefficients of the independent elements a
l
,  u , , , ,
/  o n  t h e  
t w o  
s i d e s ,  
o n e  
o b t a i n s

that

(16.1)
(16.2)

(16. m)
(16. in +

1 =  n
i 
+  
2 r
1  
9

O -= — n
i +  
1 1
2  
+  
2 r
2

0 —  n
m
_
i  +  
n
m  
+  
2 r
m  
,

0 =  — n
m +  
2 1
m + 1
.

Since the denominators of the r
a r e  d i v i s i b l e  
b y  
o d d  
p r i m e s  
o n l y ,  
( 1 6 . 1 )
— ( 1 6 .  
m  
+  
I
)

imply that the r
i a r e  
i n  
f a c t  
i n t e g
e r s .  
T h
u s  
( 1
6 .  
i
n  
+  
1
)  
i m
p l
i e
s  
t
h
a
t  
n
m  
i
s  
e
v
e
n
;  
h
e
n
c
e

(16. m) implies that n
m
_
l  i s  
e v e n ;  
a n d  
s o  
o n :  
( 1 6 .
2 )  
g i v
e s  
t h
a t  
n
i  
i
s  
e v
e n
,  
s
o  
t
h
a
t

(16.1) represents 1 as the sum of two even numbers, which is impossible. This contra-
diction proves that Vcannot be a direct sum of groups of rank 1.
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OB o g H o fi  CTATBE JIAHCJIABA  rIPDXA31(1/1

.11. F. KOBAl l  (L. G. Kovacs), M ai ni ec
-
r ep

B c a m e  ,tioKa3auht npeKr i e acer o c i i euyr oiw ie gse Teopembi .

Teopema A. Hycmb G — a6e.acea zpynna, nycmb n — namypa.abuoc mucao u nycmb
H  — maKas noaopynna e G, tuna nG g  H.
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Al .  Ee.au H  pacutenAnema u ec.au ee emmaemoe 6e3 xpyttenuR Re.leemeR np.e.moti
cymmoa 2pynn KOliegli020 pan2a, mo G 6yaem maKatce pacuten.aRemoa.

A2. Ec.au G paeuienzLeema u ecAu ee c.aamemoe 6e3 Kpyuenua .116.151CMCJI npRmort
cymmott 2pynn Konetinoeo panea, mo H  6y0em maKwee pacuten/Leemoti.

Teopema B. Hy mn,  G — a6eizeea 2pynna 6e3 Kpyueuu.e, nyemb n — namypa.abnoe
uucilo u nyemb H  — maKaR noa2pynna e G, m o  nG g_ H.

Bl.  Ec.au H Re.tulemeR npemoti cymmofi 2pynn panea 1, MIMI  Komopbvc npeaemaexi-
tom uneepcno enoime ynopeaouennoe muodiceemeo omnocume.abno liacmuunoeo ynopyi-
aottenue M10106, mo H  G .

B2. Eeim G  ReARemeil np.emoti cymmoù 21,ynn pau2a 1,  MU111,1 Komopbix npea-
cmaeJunom uneepcno ename ynop.eaouennoe mnoweemeo omnocume.abno tiacmutut000
ynop.eaottenuR munoe, mo G H .

Kpome TO1'0, B  c
-
r a m e  
n o c T p o
e H  
n p H
m e p  
r p y
n n b
i  
U
,  
5 1 B I
B U O L
H e l I
C 5 1  
n p
a m
o i
l

cymmoil rpy nn  6e3 I c pplenm paura 1,  THI11,1 K01'0131:0( npegcTawaAroT anomie
ynopgaoliennoe MHOWeCTBO ornoc liTembllo i lacTlignor0 ynopArroirenn51 THHOB;
HO, rprana U coaeptarr Taxylo no,arpynny V, WO 2U g V  a noArpynna V He ABB5I-
CTC51 npAmoil eymmoil rpynn panra 1.
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